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The need for speed	

• Help designing search strategies for needle-in-a-haystack signal

• Efficiently exploring parameter space (e.g. MCMC)

• We may as well do it fast if we can!



The standard computation
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The standard computation

• State of the art: Chluba, Vasil & Dursi 2010

604 J. Chluba, G. M. Vasil and L. J. Dursi

A · x and the set-up of the recombination and photoionization
rates.

To reduce the effort in connection with the recombination inte-
grals, we use the tabulation scheme described in Chluba & Sun-
yaev (2009a). We again confirm the precision of this procedure,
by comparing with computations in which all the recombination
rates were explicitly evaluated at each time-step. Also we tabulate
the changes in the escape probabilities of the He I 21P1 – 11S0 and
23P1 – 11S0 resonances caused by the presence of neutral hydrogen
(Kholupenko et al. 2007; Rubiño-Martı́n et al. 2008; Switzer & Hi-
rata 2008), using the results of a calculation for a five-shell hydro-
gen with a five-shell helium model. With this set-up, for a 100-shell
hydrogen atom about 40 per cent of all time is spent for multiplica-
tions A · x, while about !20 per cent of time is spent computing the
recombination integrals. For a larger number of shells the contribu-
tion from the multiplications A · x strongly increases (e.g. reaching
!70 per cent for 200 shells), so that parallelization of this part is
beneficial. However, by parallelization we currently only achieve
an additional factor of !2 in comparison to a single-processor
machine.

To measure the performance of our code, we compared runs with
different settings for the accuracy. If one is only interested in the
cosmological recombination history, it in principle is possible to
run the code in a faster mode. The helium recombination history
can already be computed rather precisely with five shells for hy-
drogen and five shells for helium. It is then possible to start the
computation of hydrogen recombination just after helium has be-
come neutral, including a much larger number of hydrogen levels.
For the spectral distortions from hydrogen on the other hand it is
important to evolve the whole system starting well before helium
recombination, since even hydrogen is emitting some amount of
photons in every transition because of the reprocessing of helium
photons.

In Table 1, we show a few examples regarding the performance
of our code. For run A we use a simplified helium recombination
history and only start the full hydrogen recombination calculation
at z = 1650 evolving everything until z = 200. For run B, we start
at redshift z = 3400 and evolve both hydrogen and helium until
z = 200. Due to memory restrictions, we did not compute cases
with more than 250 shells on a single-processor machine.

As can be seen from Table 1, for run A and nmax ! 200 on
a single-processor machine the computational time-scales roughly
" n3.3#3.6

max with the total number of hydrogen shells or like " n1.7#1.8
eq

with the total number of equations. Starting the computation at

Table 1. Performance of the recombination code. nmax denotes the number
of hydrogen shells included and neq gives the number of hydrogen levels.
‘Run A’ is executed on a standard single-processor machine (MacBook Pro,
2.4 GHz Intel Core 2 Duo, 3 GB 667 MHz DDR2 SDRAM), while for ‘run A
(S m)’ and ‘run B (S m)’ we used nodes of the SciNet GPC supercomputer,
each with two 2.53-GHz quad-core Intel Nehalem E5540s and 16GB of
1066-MHz DDR3 SDRAM, where m gives the number of cores that were
used. For additional details on the parameters for the different runs, see
Section 3.3.

nmax neq Run A Run A (S 1) Run A (S 8) Run B (S 8)

100 5050 52 min 33 min 11 min 25 min
150 11 325 3.4 h 2.0 h 1.3 h 2.8 h
200 20 100 9.7 h 5.5 h 3.6 h 8.0 h
250 31 375 22 h 12 h 8.0 h 17 h
300 45 150 – 23 h 14 h 35 h
350 61 425 – 42 h 27 h 63 h

redshift z = 3400 instead of 1650 takes about twice as long. On a
single core, our code seems to be a factor of !10 faster8 than that
of Grin & Hirata (2010).

On SciNet’s GPC system,9 we find an immediate performance
gain of a factor of !1.6 on a single processor, despite the very
small change in clock speed; this is almost certainly due to the im-
proved memory bandwidth of the newer Nehalem processors. The
SPARSELIB++ matrix operations were parallelized with OpenMP;
the matrix–vector multiply was decomposed by counting the num-
ber of matrix non-zeros and forcing a static decomposition which
split the number of non-zeros approximately equally over the num-
ber of threads; other matrix operations were parallelized with dy-
namic partitioning over rows. In addition, we parallelized the Jaco-
bian matrix set-up, including the computations of the recombination
and photoionization integrals needed for updates of the interpola-
tion tables. This allowed us to gain another factor of !2 using eight
cores, so that eventually a computation of the recombination history
and recombination spectrum was about two to three times faster than
on a standard single-processor machine. For run B on eight cores
and for nmax ! 200, the computational time again scaled roughly
" n3.4#3.5

max with the total number of hydrogen shells or like " n1.7#1.8
eq

with the total number of equations.
We would like to mention that one could further speed up the

computations of the recombination history when ignoring accu-
racy for the cosmological recombination spectrum. With this, one
would likely be able to gain another factor of !2–3. For example,
we always limited our step-size to !z " 3, to obtain a resolved
representation of the recombination spectrum. This could easily be
increased twice. Another possibility is to allow overshooting be-
yond the desired redshift point and then interpolating the solution
where it is requested. This will diminish the accuracy for the spec-
trum, but still leads to precise results for the recombination history.
However, at this point we did not follow this idea any further.

4 R ESULTS

In this section, we present our results for the cosmological recom-
bination history and the cosmological recombination spectrum. We
first discuss the effect of the completeness of the atomic model
and then present some first results in connections with collisional
processes, which we incorporate using simple approximations.

4.1 The cosmological recombination history

In this section, we present the results for the corrections to the cos-
mological recombination history. We compared with the RECFAST

V1.4.2 code (Wong, Moss & Scott 2008), but excluding the cor-
rections to the helium recombination history and getting rid of the
switches in the ODE system (see Fendt et al. 2009, for details). We
used the standard hydrogen fudge factor, f H = 1.14. In Fig. 2 we
present the results for the modification of the free electron fraction
as a function of redshift including a different number of hydrogen
shells (see Section 4.1.2 for a more detailed discussion on the shape
of the correction). One can clearly see that at high redshifts, close
to the maximum of the Thomson visibility function (z ! 1000),
the dependence of the correction on the number of hydrogen shells
is already rather small. On the other hand at low redshifts, it is

8 Their run for 200-shell hydrogen starting at redshift z ! 1606 takes about
4 d on a single-processor machine.
9 See http://www.scinet.utoronto.ca/
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are denoted as !i and " i, respectively. Due to the presence of CMB
photons one also obtains the factor # = exp(!h$21/k T% ), where
$21 " 2.47 # 1015 Hz is the Lyman ! transition frequency, and the
2s and 2p inhibition factors are given by

C2s = A2s1s

A2s1s + "2s
(7a)

C2p =
A$

2p1s

A$
2p1s + "2p

. (7b)

Here A2s1s is the 2s–1s two-photon decay rate, and the effective
Lyman ! transition rate is given by A$

2p1s = PSA2p1s " ( 3&3Nls
8! H

)!1,
where PS is the Sobolev escape probability of the Lyman ! reso-
nance and A2p1s " 6.27 # 108 s!1 is the Lyman ! transition rate.

The important point about equation (6) is that one has to spec-
ify the partial recombination rates to the 2s and 2p states. Using
detailed balance, one then also obtains the partial photoionization
rates just like in RECFAST. This allows us to account for more details
in the microphysics of the multilevel cascade. Given !B, one would
normally assume !2s " 1

4 !B and !2s " 3
4 !B, so that "2s " 1

4 "B

and "2p " 1
4 "B, where "B is the photoionization coefficient in the

normal RECFAST case. However, the detailed dynamics of recombi-
nation connected with the cascade of electrons from higher levels to
the 2s and 2p states (these are included into the computation of !B)
can render this approximation crude, in particular at the end of re-
combination. One aspect that is connected with this is that the 2s and
2p states will depart from full SE, as seen earlier (Rubiño-Martı́n
et al. 2006; Chluba et al. 2007).

To demonstrate the principle possibilities of equation (6), we
show the resulting correction with respect to the normal RECFAST,
choosing f H = 1.135, !2s = 0.59!B and !2s = 0.41!B (curve la-
belled with ‘tuning I’). As can be seen, there now is a maximum at
z % 800, which is actually produced by the fact that the Lyman !

transitions again start controlling the recombination process. Note
that in general the ratio % = !2s/!2p should be a function of redshift,
so that one can accommodate more details by computing !2s and
!2p using the results of our full recombination code.

Finally, we also computed the correction for f H = 1.135,
!2s = 0.59!B and !2s = 0.41!B, but using !B = !B(T% ) instead of
!B = !B(Te). Recombinations physically are controlled by both
the electron temperature and the photon temperature. The latter
appears because the CMB photon strongly controls the radiative
cascade within the hydrogen atom, and we just wanted to show that
varying the temperature dependence of !B in fact has most effect
at low redshifts. We therefore expect that a detailed computation
of !2s and !2p from the full results of our recombination code may
allow us to capture more aspects of the microphysics.

Along the same line, one may consider including more levels
into the RECFAST code (e.g. 3s, 3d, 3p). Again, one could determine
the effective recombination rates from the results of our recombi-
nation code for each included level. Such an approach may allow
us to capture in detail some of the feedback processes within the
Lyman series (Chluba & Sunyaev 2007; Kholupenko et al. 2010).
In addition, simple modifications should allow us to include the
effect of stimulated 2s–1s two-photon decays and the reabsorption
of Lyman ! photons in the 1s–2s channel (Kholupenko & Ivanchik
2006; Chluba & Sunyaev 2006a). In combination with our new
ODE solver, such extensions will probably not degrade the speed
of RECFAST very much, so that it can sill be used in the analysis of
future CMB data. We plan to investigate these possibilities in the
future.

4.2 The cosmological recombination spectrum of hydrogen
at low frequencies

Including more than 100 shells in the computation of the hydrogen
recombination spectrum should mainly affect the low-frequency
part of the recombination spectrum (Chluba et al. 2007). This is be-
cause including more shells enables more electrons to pass through
highly excited states, emitting additional low-frequency photons in
the cascade towards lower levels.

In Fig. 7 one can observe this effect. The recombination radiation
from hydrogen still increases by a factor of %1.6 at $ % 0.1 GHz,
when going from 100 to 350 shells. However, at this level the spec-
trum seems to converge. From the observational point of view, the
region $ ! 1 GHz is much more interesting. There it may become
possible to measure the variable component of the recombination
spectrum in the future (see Sunyaev & Chluba 2009, for overview).
At $ ! 1 GHz the recombination spectrum seems to converge at the
level of a few per cent and better, when including 350 shells. How-
ever, this statement is only true regarding the completeness of the
atomic model for hydrogen. The effect of l-changing collisions still
alters the shape of the recombination spectrum at low frequencies
(Chluba et al. 2007), as we will further discuss in the next section.
Also at frequencies $ " 0.1 GHz free–free absorption should be-
come important (Chluba et al. 2007), so that accurate computations
in this region are more involved.

Figure 7. The bound–bound cosmological recombination spectrum of hy-
drogen. The bottom panel shows a zoom in on the frequency range around
$ % 1 GHz. Free–free absorption and collisions were not included.

C& 2010 The Authors. Journal compilation C& 2010 RAS, MNRAS 407, 599–612



The standard computation

• Most general formulation of the problem: used for ISM

• Very special conditions at recombination: background radiation field is a 
nearly perfect blackbody!

• Except for Lyman transitions, all lines are very optically thin => nearly 
unaltered field
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Factorizing the problem: effective conductances
[arXiv:1211.4031]
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Factorizing the problem: effective conductances
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The circuit analogy (courtesy of C. Hirata) 3
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FIG. 1. Schematic representation of the main idea of this
paper, highlighting the circuit analogy of Hirata [32]. All
transitions between excited states are mediated by blackbody
photons and their rates (and corresponding resistances R(T

r

)
shown as solid resistor symbols) only depend on the blackbody
temperature. The linearity of the steady-state rate equations
(Kirchho↵’s laws in the circuit analogy) ensures that the cur-
rent In0n in any transition between excited states is linear in
the departures from Saha equilibrium �x

2s and �x

2p, which
play the role of externally imposed voltages. The proportion-
ality coe�cient is a function of temperature only. The values
of �x

2s and �x

2p are determined from the balance between
the net downward current from the highly excited states (ob-
tained through the e↵ective rates defined in AH10) and the
non-thermal transition rates to the ground state (represented
by dashed resistor symbols). We have not represented all al-
lowed transitions in order to keep the graph readable.

II. GENERAL EQUATIONS

A. Notation

We denote by nH the total number density of hydro-
gen in all its forms (ionized and neutral), xe the ratio of
the free-electron abundance to the total hydrogen abun-
dance, xp the fraction of ionized hydrogen, and xnl (or
in some cases Xnl) the fractional abundance of neutral
hydrogen in the excited state of principal quantum num-
ber n and angular momentum number l. The matter
and radiation temperatures are denoted by Tm and Tr,
respectively. We denote emissivities by j⌫ (with units
of energy per unit time per frequency interval per unit
volume per unit solid angle) and specific intensities by I⌫

(with units of energy per unit time per frequency interval
per unit area per unit solid angle). All our derivations
are for hydrogen atoms but the generalization to helium
is straightforward. We only consider radiative transitions
here and neglect the e↵ect of collisions.

B. Bound-bound emission from transitions
between excited states

The emissivity due to bound-bound transitions be-
tween excited states is given by

jbb(⌫) = nH
h⌫

4⇡
⇥

X

2n<n0

X

l,l0

[xn0l0Rn0l0!nl � xnlRnl!n0l0 ] �(⌫ � ⌫n0n),(1)

where ⌫n0n is the frequency of the n0l0 ! nl transitions
and Rnl!n0l0 represents the radiative transition rate from
nl to n0l0. The recombination process adds at most a few
photons per atom, and the transitions between excited
states are mostly below the peak of the blackbody spec-
trum (except for Balmer transitions, but their energy is
only a few times above the blackbody peak, where there
is still a very large number of thermal photons per hydro-
gen atom). As a consequence, the radiation field medi-
ating the transitions is, to ⇠ 10�8 accuracy, a blackbody
at temperature Tr. One can check the validity of this as-
sumption a posteriori once the distortions are computed
(see for example Fig. 2 of Ref. [18]). Note, however, that
small y-distortions to the blackbody spectrum (at the
level of y ⇠ 10�6) may significantly enhance the hydro-
gen and helium line emission [15, 23]. We defer the study
of the e↵ect of such pre-existing distortions on the recom-
bination spectrum to future work, and shall here assume
that transitions between excited states are mediated by
thermal photons only.

With this assumption, the radiative transition rates
satisfy the detailed balance relations,

Rn0l0!nl =
qnl

qn0l0
Rnl!n0l0 , (2)

where we have defined

qnl ⌘ (2l + 1)e�En/kT
r , (3)

where En ⌘ �13.6 eV/n2 is the (negative) energy of the
bound states with principal quantum number n.

We see that if the excited states were in Boltzmann
equilibrium, so that xn0l0/xnl = qn0l0/qnl, the net emis-
sivity would vanish. The emissivity therefore scales lin-
early with the small departures from equilibrium. To
make this apparent, let us define the departures from
Saha equilibrium at temperature Tr with the free elec-
tron and protons,

�xnl ⌘ xnl � qnl

qe
nHxexp, (4)

where we have defined

qe ⌘
✓

2⇡mekTr

h2

◆3/2

, (5)

where me is the reduced mass of the electron-proton sys-
tem. We can now rewrite the bound-bound emissivity in

Steady-state rate equations = Kirchhoff’s current law



Work in progress

Generalization to a non-thermal ambient radiation field (e.g. Chluba & 
Sunyaev 2009, Lyubarsky & Sunyaev 1983).

Can hydrogen and helium reprocess spectral distortions not directly 
observable to an observable part of the spectrum?
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