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How do we imagine the cosmic expansion? Usually this is a tra-
ditional image used in popular science, as well as in textbooks and
even monographs. This is a “bird’s-eye view” or a “god’s view”,
when we find ourselves out of our space observing it from outside.
For example, we imagine an inflating ball, or a stretching surface,
which represent our expanding universe. More than that, it is con-
venient to imagine all points on this ball (or the surface) visible
similtaniously, i.e. we see the whole picture “as it is now”. Hence,
we not only observe the universe “from outside”, but also “see” all
its points at the same time.
This is a useful image (maybe, it is necessary for understanding),

however, a real observer never sees such a picture, it is impossible
in principle. How the expansion would look like for an “internal”
observer?



The flat Friedmann metric has the usual form:

ds2 = c2dt2 − a(t)2dl2.

Here t is cosmic time. It is worth noting that cosmic time is not
directly available to an “internal” observer who sees the universe
as inhomogenious (the farther — the denser). The second term in
the equation represents the Hubble flow — distant objects recede
due to increasing scale factor a, while their comoving coordinates
do not change.
As for comoving coordinates, it is natural to introduce a spherical

system with an observer at the origin. Then distances and velocities
defined below depend only on the radial comoving coordinate χ.



For the one-component FRW Universe with the perfect fluid in
the form

p = wρ

all formulae can be obtaned in a rather simple form.
The homogenious solution for the time evolution of the scale fac-

tor is a ∼ t1/α, where α = 3(w + 1)/2.
Using the light propagation equation ds2 = 0, the comoving co-

ordinate of the object observable now at some redshift z can be
obtained in a standard way for a given equation of state parameter
α:

χ =
c

a(t0)H0

∫ z
0

dz

H(z)
=

c

a(t0)H0

1

1− α
[(1 + z)1−α

− 1].



The proper distance is defined as d = aχ. If we are interested
in distances for t = t0 (at the same moment of cosmic time for
all sources) the scale factor in the equation should be equal to
its present day value a(t0). To obtain the proper distance at the
moment of light emission we need the scale factor at that time
a(tem).



The general formula for the proper distance at the present mo-
ment, t0, is the following:

dnow =
c

(1− α)H0

[(1 + z)1−α
− 1].

This distance is useful in order to imagine the general structure
of the universe we live in. It grows monotonically with increasing
redshift, tending to a finite value if z → ∞ for α > 1. This gives
us an intuitively clear picture of a finite distance to the particle
horizon.



The proper distance at the time of emission is

dem =
c

H0

1

1− α
[(1 + z)1−α

− 1]
1

(1 + z)
.

In contrast to the present day proper distance (i.e., distance
“now”), the dependence of the distance at emission upon the red-
shift is not monotonic for most realistic cosmological models. For
example, for a dust-dominated universe (p = 0, so α = 3/2) dem
reaches its maximum at z = 5/4 which is well within the currently
observable universe.
Light trajectories in a flat universe are straight lines, so the angu-

lar size of distant objects grows with growing redshift has just this
reason — objects with larger redshifts were at the time of emission
closer to us than objects with lower redshifts (for z large enough).



From an observer’s point of view, three different distances are
often used:

• Angular distance dΘ as a ratio of an object’s physical transferse
size to its angular size. It is easy to show that dΘ = a(tem)χ

• Proper motion distance dpm = a(t0)χ

• The photometric distance.It is defined as:

dph = (L/4πf)1/2 = a2(t0)
χ

a(tem)
,

where L is the luminosity of an object, f is the observed flux.
The photometric distance diverges at the event horizon. How-
ever, this is because of the energy dilution due to redshift en-
coded in the definition of this parameter.

It is clear that, formally, dnow = dpm and dem = dθ.
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Usually for the velocity of Hubble flow we have

ḋ = ȧχ,

because corresponding comoving coordinate does not change (we
ignore pecular velocities, so χ̇ = 0).
It is easy to see that for the Universe filled with a perfect fluid

the velocity ”now” is

vnow =
c

1− α
[(1 + z)1−α

− 1],

while the velocity at the moment of emission is

vem =
c

1− α
[1− (1 + z)α−1].



Properties of the velocity at emission:

• Diverges for z → ∞ for decelerating Universe

• Tends to final limit bigger than c for accelerating Universe (ex-
cept de Sitter, where this limit is c

Properties of the velocity ”now”:

• Diverges for z → ∞ for accelerating Universe

• Tends to a finite value bigger than c for −1/3 < w < 1/3

• Tends to a finite value smaller than c for w > 1/3



It is clear that the velocity now corresponds to the god’s view,
who can see all the Universe at the same cosmic time. What about
the velocity at emission, is it corresponds to the observer’s view?
When we remember that cosmic time is used for derivation this
velocity also, we understand that the answer is ”no”. The matter
is that light signals emitted by the observed object during some
time interval with respect to the cosmic time will reach the ob-
server during bigger time measured by observer’s clock, leading to
smaller that vem observed velocity. As a result, vem also corresponds
to god’s view, who, being time traveller and observing the whole
Universe at the time of emission, can see the observer and the ob-
served object receeding with the relative velocity equal to vem. So,
the question is: what the real observer can see?



Such kind of problem (when we totally neglect the existence of
cosmic time and consider only observable values) begins to be prac-
tically important due to a possibility to detect time variation of
redshifts (due to recession) in the near future. Corresponding for-
mula for the redshift change measured by an observer’s clock gives
( Quercellini C, Amendola L, Balbi A, Cabella P, Quartin M Phys.
Rep. 521 95 (2012)):

dz

dt
= H0[1 + z − (1 + z)α].

If we also take into account that Ḣ/H2 = −α, we obtain for the
observable time derivative of the proper distance at the moment of
emission the following estimate:



d(dem)

dt
≡ ṽem =

d(dem)

dH

dH

dt
+

d(dem)

dz

dz

dt
=

c

1− α

1− (1 + z)α−1

1 + z
.

This velocity which is supposed to represent the velocity of the
Hubble flow directly measured by an observer, does not generally
coincide with any of velocities discussed above. The velocity at the
moment of emission (defined with respect to cosmic time) differs
from it by factor (1+z) which represents the ratio of time intervals
at the object at the moment of emission dt1 and at the observer’s
location when he/she receives the signal dt2 = (1 + z)dt1. As this
velocity is, by definition, the rate of change of angular distance, we
will denote it as vΘ ≡ ṽem.



Properties of the velocity vΘ:

• It has a local maximum smaller than c for w < 1/3

• It reaches c at z = ∞ for w = 1/3

• it grows infinitly with z for w > 1/3



It is interesting that about 50 years ago such a velocity could pre-
tend to be a measure of Hubble flow which is always subluminal,
reaching c only at the particle horizon in the limit of ultrarelativistic
equation of state of the matter filling the Universe. This equation
of state have been considered as the stiffest for a physically reason-
able matter in, for example, Landau-Lifshitz course of theoretical
physics. Even now, the only ”non-exotic” matter with stiffer equa-
tion of state is a massless scalar field – the object, strictly speaking,
still existing only theoretically. However, keeping in mind that su-
perluminal recession velocities are allowed, as well as the equation
of state p = ρ/3 is not a limiting case in contemporary physics, we
do not insist that abovemensioned asymptotics of the velocity vΘ
have some deep meaning.
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CONCLUSION

In brief, our discussion can be summarized as follows:

•We want to define quantities which fit the best to our intuitive
understanding of visible distance and velocity of the Hubble flow
in the expanding universe.

• Proper distance is a fundamental quantity of the theory and
does not depend on our observational abilities and current as-
trophysical knowledge.

•We see an object as it was at the moment of emission, so it is
natural to consider the distance at the moment of emission as
the characteristic of the source.



• Proper distance at the moment of emission can be calculated the
same way as the angular distance. In addition, the angular dis-
tance and its derivative correspond to our psychological percep-
tion of receding and to intuitive expectations about the behavior
of objects on the horizon. Therefore, just angular distance and
its derivative (in time) are the most natural characteristics of
the Hubble flow from the observer’s point of view.


