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Cosmic topology

“‘Only two things are Infinite, the universe and human
stupidity, and I'm not sure about the former.”

Albert Einstein.

* |s the universe finite or infinite ?
In space ?
In time 7.
* |s the universe homogeneous ?
Isotropic ?
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Cosmic topology

« standard answers OK with [almost] all observations

“the Universe is homogeneous and isotropic” (at large scale)
« Time is finite in past (big bang or Planck era)

Is finite or infinite (€ the values of Q and A)

« The standard models assume that the global topology of
space is simply connected.

« But general relativity tells nothing about topology.
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Main 1dea

General Relativity does not specify

global properties of spacetime:

Einstein equations determine
the (local) space-time curvature but

Its (global) topology remains
undetermined.

- possibility of

multi connected cosmological
models (= MCMs)
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Multi connected cosmological models

standard cosmology:

space-time Is topologically = 2 x R;;,.
Spatial sections have the same topology of X :
MCM models assume multi connected spatial sections
e Instead of singly connected X = R3, S3, H3
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Simplest MCM : space = 3-cylinder and 3-torus

Start from R3

G = group of translations of vector A
R3/G = = R3 modulo translation of vector A
Periodic in “horizontal” direction, with period |A|.

-2 spacetime — (RSK r) X I'_")“Lir*ne

» 3 orthogonal directions of translations =
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Two questions

1 (mathematical) : What are the possible MCMs ?
<=

what are the multi connected 3d-Riemanian manifolds ?
» with constant curvature ?
* Required to be spatially orientable

2 (astrophysical) : What are the observable

characteristics of the MCMs ?
Most appear similar to the standard (singly connected) models
- difficult to discriminate.
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PLLAN

* |ntroduction & main ideas
 Multi connected SPACES
» Multi connected cosmology models

* Observational tests

 Calculation of modes
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I - multi connected spaces
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Pedagogical example : the 2-dimensional, flat torus

The manifold

embedded in R3 7 H | .'
:" *-i—f"“ I on : The fundamental
N polygon

The universal
2 0 |
covering surface R-
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Moebius band

Non compact

Non orientable
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Basic topological notions

universal covering surface (--> space) M*:
* homogeneous, with same (constant) curvature
» singly connected
« R2 for the torus ; R?, S3 or H3 in 3 dimensions)
helpful : appears as “observational space” in cosmology

fundamental polygon (—> polyhedron IN 3 dimensions)

Tessellation of the UC by copies of the fundamental polygon (> polyhedron)

holonomy group G:
the copies are transformed into each other by the holonomy group
= subgroup of ISO(M*) acting freely and discontinuously.

« M=M*/G
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Classification of MC spaces

MC spaces may be compact (torus) or not (cylinder)

Spatial curvature (from cosmological observations) may be
. (=Euclidean) : uc =

. (spherical spaces = sherical forms) : uc =

. . uc =

Classification not achieved (powerful theorems exist)
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Classification of 3D Space forms

* Universal covering space M
* Fundamental Polyhedron FP
* Holonomy group G

L

—
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Seven open (infinite volume).

Ten closed (finite volume).
6 orientable am them

Fegure & Tossolation of R* by s i1|||'||!|:--||H!I|'- ar hexaponal oolls




Thurston, Weeks (1970 -)
for CHM

Hyperbolic spaces

universal covering space = H? (infinite in every direction)
not completely classified (some closed, some open)

Theorem : the volume of space (in curvature radius units) is
fixed by the topology =2

classify them by increasing volumes
The space with lowest volume has recently be found
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Weeks Space : V=0.94272

the smallest hyperbolic space |
« FP has

26 vertices
18 faces
(12 pentagons ,

6 quadrilaterals).

* Recently proved
to be the smallest |
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Spherical spaces (=spherical forms)

Natural unit = radius of the embedding space (uc) S*
= [spatial] curvature radius

Y 73

Smonsag

(CMB, large scale structures...) mate’ &*

—> « nearly flat »

constrained by observations

= Only some spherical forms possible !
->Most favoured : PDS
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Spherical spaces
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Polyhedral spaces

Figure 4. Fundamental domains for three single action 3—manifolds. From left to
right, the regular octahedron, the truncated cube and the regular dodecahedron
which respectively correspond to the spaces generated by the binary tetrahedral
group 1™, the binary octahedral group O* and the binary icosahedral group I'*.
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Nearly Flat Spherical WP Spaces

Lens Prism Tetrahedral | Octahedral | Dodecahedral

dRSLILIL.
vV

Holonomy 7 b*. i o* I*
group i
Volume
T 1/p 1/4m 1/24 1/48 1/120
Quafor | 1+41/n? | 1+1/4m?| 1025 | 1015 | 1.009

observability




Poincaré Dodecahedral space S3/I*

FP = 12 faces regular (spherical) dodecahedron

I'{'I'I.II'IL,
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Distance  Number
Jfrom O  of dodec.

0 | .
/5 12 —
/3 20 -~
2m/5 12
/2
3n/5
2n/3
47n/5
T

120
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Poincaré dodecahedric space = PDS
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Poincaré Dodecahedral space S3/I*
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Figure 5: Map of tempemture anisotropies of CME as observad by WMAP tele-
scope. WMAP Homepage : http: //map.gsfec.nasa.gov



not conclusive today
Lachieze-Rey, 2008 30




Second methhod : Angular power spectrum

8T = function on a 2-sphere (=LSS)

Multipole moments



Angular power spectrum, C,




Motivations from WMAP power spectrum
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error bars: 762 uK? 608 uK?

flat infinite
universe ACDM

. . "
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Possible explanations

» Cosmic variance, bad data analysis ?

» Solar system effect 7(Schwarz et al. 2004; Hansen et al. 2004)
Primordial physics ?

» non trivial topology (MCM) ?

* finite space cannot vibrate at scales larger than its size
-2 reduction of power at low multipoles
* No 1sotropy —> correlations in low multipoles
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Origin of temperaturefluctuations

The 8T fluctuations are imprinted on the LSS by the op
fluctuations of matter (gravitational redshift, Doppler effect

T 10 I
?=Zf+¢+vb+f@—‘l‘)d

Density fluctuation + Line of-sight:

Gravitational potential = Integrated Sachs-Wolfe effect
Sachs-Wolfe term

Motion of plasma:
Doppler effect



Temperature fluctuations : Standard treatment

* Model the op

(Gaussian statistics, power spectrum, cosmology)
* (alculate OT from 0op
(requires a code using Fourier modes of dp
(or hyper spherical harmonics if curvature 1s positive)
e statistics of O0p =2 stat of &T
(naturally expressed through spherical harmonics coefficients)
(= what 1s extracted from the measurements)

Note : if calculations provide 0T under a different form, a conversion is
required to compare with observations.

Lachieze-Rey, 2008




What changes in MCM ?

Same process but distribution of 0p with different properties
- No power on large spatial scales (do not exist in MCM !)

- Anisotropy 1n the distribution

Otherwise, apply the same treatment.

Calculations require to know
the eigen-modes (of the Laplacian) of the space
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Best fit PDS 1n « 2D »

(Ehﬂ' = 1.016, EI‘I‘I =0.ZB}

|

PDS
(physical space)

53 Gly

42 Gly Last scattering

surface



Modes 1n multi-connected spaces

Modes of M = (uc) / G = Modes of (uc) which are G-invariant

(Ex. for the torus: Fourier mode > Fourier modes)
distribution =2 distribution

In most cases. harmonic modes are unknown.

e first results : numerical calculations of a small number of
ergenmodes.

* MLR et al : calculate the modes analytically
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Modes in Poincaré Dodecahedral Spherical space (PDS)

Based on numerical
calculations of a small
number of eigenmodes.

* fits low quadrupole

* fits low octopole
*1.009<Q, ;<102

Luminet et al., Nature 425 593
(2003)
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Calculations of eigen-modes of spherical space

Motivations : To express [the statistics of] the
at the epoch of recombination

-2 T(6,¢) 1nthe CMB.

* T(9,0) , as a function on the sphere,
naturally and conveniently expands in spherical harmonics Y, .

Calculations natural and easy (!) from the basis Y,
(numerical codes implemented with that basis)
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An eigenmode of space S° is a function solving the Helmoltz equation

* Ex.: Yiim
for each k, vector space of dimension (k+1)2

Link easy with Y,
* Other example : - Wigner functions Z,_;..»

- Clebsh-Gordan coetficients
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Eigenmodes 1n spaces M= S°/G

A mode of S3/ G 1s amode of S3, which 1s G-invariant.
—>What are the G-invariant modes of S°? (=uc) ?
ex. PDS : G = icosahedral group

Modes not kown 1n
First calculations only numeric, very limited !

— Calculation of modes of S°/G(MLR)
Case of PDS :

G = I = icosahedral group (60 symmetries of the icosahedron)
I'* = same group, reflexions included (120 elements)
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Spherical modes of PDS

 Two results allow analytical calculations
(do not apply in the negative curvature case !)

— SU(2) = S3 as manifolds

— SO@4) == SO(3) x SO(3) as groups;
- transformations ~ involve only one of the
two SO(3) factors
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Modes of PDS

Three methods

1) use the quaternionic representation ot S3 and the
SO(4) action

2) apply group theory results to the Wigner functions

3) use Hopt fibration and Maxwell multipole vectors

Orbifold construction of the modes of the Poincaré dodecahedral space.

Lachi¢ze-Rey M and Weeks J, 2008, Journal of Physics A: Math. Theor. 41 (2008) 295209
(http://hal.archives-ouvertes fr/hal-00218221/fr/) (http://fr.arxiv.org/abs/0801.4232)
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1 - Spherical modes with quaternions

Quaternions represent
P
- points of S3,
- and also SO(4) actions

» A new basis for eigenmodes on the Sphere
Lachieze-Rey M., Journal of Physics A, 37, issue 1, p205-210.

 Laplacian eigenmodes for the three-Sphere,

Lachieze-Rey M. 2004, Journal of Physics A, 37, 21, p 5625-5634
(math.SP/0401153) (stacks.iop.org/0305-4470/37/5625)
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2- Modes with Wigner functions

* Rather than hyperspherical harmonics Yy, ,

use the /1o as another basis

Write their transformations under SO(4)
and 1cosahedral group I C SO(3) C SO(4).
* Select the invariant modes
 Convert to usual basis ( mvolves Clebsch-Gordan coeff.)

» Eigenmodes of Dodecahedral space, Lachieze-Rey M. 12004, CQG, vol.21, 9,
p 2455-2464(gr-qc/0402035)

« Laplacan eigenmodes for spherical spaces,
M. Lachieze-Rey and S. Caillerie 2005, Class. Quantum Grav. 22 (2005)
695-708.(astro-ph/0501419)
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3 = Spheﬂcal mo de S from Hopft fibration : (with G Weeks)

*]) Using Hopf fibration S* -> S2:
*An §? Y, generates a vertical S3 Ve (K=2L)
(* vertical := ct on the fibers)

*2)  -mnvarnance of |/ €=  -mvariance of Y|
—> each G-invariant Y, generates a vertical spherical mode

= One solution !

* 3) Search G-invariant Y; using
a spherical L-harmonics <--> (modulo a constant),

L directions in R*= L points in projective space PR>.
a G-mvanant spherical L-harmonics <--> (modulo a constant),

a G-invariant set of L points in PR>.

Lachieze-Rey, 2008
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modes S° from modes S?

Using Hopf fibration S* -—> §2:

*]) Any S* { Y, generates a vertical S? Ve k=29
(* vertical := ct on the fibers)

* 2) on S3, any vertical Vi generates (k+1) Vi

* 3) The totality of the (k+1)? k-modes is generated from the (2{+1 =k+1) Y,
-invariance of | €=  -invariance of Y

—> each G-invariant Y; generates a vertical spherical mode /¢
-2 One solution !

* 3) Search G-invariant Y; using
a spherical L-harmonics <--> (modulo a constant),

L directions in R*= L points in projective space PR>.
a G-invariant spherical L-harmonics <--> (modulo a constant),

Lachiéze-Re

. . 2008 . . 53
a G-invariant set of ﬁ points in PR3.
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modes S3/I* from modes S?/1

-invariance of | €=  -invariance of Y
—> each G-invanant Y, generates (k+1) spherical modes /¢
=2 each S%/1 mode generates (k+1) S3/T* modes

—Find the PDS Imodes = find the S%1 modes

Search the the S%/I modes (=I-invariant S2 modes) using

Lachieze-Rey, 2008



Maxwell polar decomposition of S? modes

Any function on S* (eg , Teyp): F=2, Fy

* spherical harmonics : FE =20 Fﬂ* Yﬂm : FE . (FE’] FEE)

* Maxwell’s multipole vector decomposition (r = (x? + y? + z2 )1/?)

F, =Ct 21 V_---V_, V. (/1)

F, <{d,....dy}

(up to Ct)
(up to flipping the signs) (the ordering of the directions 1s irrelevant)

Lachieze-Rey, 2008




[-invariant S? modes

f 1s umquely represented by {d,

f I-invariant <==> the set {d,

the d, live 1n the orbifold S,/G

check = one finds the good multiplicity of modes (Ikeda)
--> one finds the modes in terms of their Maxwell decomposition !
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Orbifold

Orbifold S?/

Figure 1. How 1o consiruct the *235 artnfold, (@) Begin with an icosabodrally svmmetng patiorn
b Locste all bines of mirmor symmetry. |l=ach i o great carcle, and togethes

o0 e L-eneene
% [ Fold ihe sphinre -1|l'“1' all prieme

ey divide the sphere into 120 compruent triesg

simulisneously, =0 thet the wiole sphers maps [L0Gp-1 onto o single tnangle. The resclting

e =108 eebidnlil The Conw Sl T

*235 may be undersiood as folless: the **

TR e 1%

denoics the murme - sveemeic imnEin of the mangle's sides, while the 2 3 denole the

pct il 2, 3 andd S surror lincs el & sach corset, reeectively
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e Each point 1n the interior of the triangle : whole point
< 2 invariant set of 120 points on S°
< 2 invariant set of 60 directions.

* each point on a mirror boundary

& 2 30 directions : ‘half point’.

» A point at the corner reflector of angle /2
< 2 15 directions, : ‘quarter point’.
* points at the corner reflectors of angle 7/3 and /5 : 1/6 point and a

1/10 point.
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C,/1o denote the number of 1/10 points
C, ¢ denote the number of 1/6 points
C,,, denote the number of 1/4 points
C,,, denote the number of half points
C, denote the number of whole points

space V, of I-invariant £-eigenmodes of S°
= space V, of I £-eigenmodes of S°/1
dimension =1+ C,, +2C, =1+ [0/2] + [ 3]+ [ 5 ]- L

= space of k-modes of the PDS S°/I*
Dimension = (k+ 1) ([1 + [ k/4] + [k/i6]+ [ K/10]—- k/2) .

This gives Ikeda’s formula !

Lachieze-Rey, 2008




THeEOREM 4.6, (1) The spectrum of Laplacian for the homogeneous spherical
shace form S'/I* is

eigenvalue multiplicity

- Ak(k+1)

@k+1)A+[k/BI+1R/3]+[R/2] k)

L — ——_ — ® ——— e R e

where b runs through all nonnegative integers except 1,2, 3,4, 5,7, 8 9, 11, 13,
14, 17, 19, 23, 29, (2) Eigenvalues of Laplacian for the homogeneous spherical
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We know the mode in the form of multipole vectors.
(Maxwell decomposition)

For practical calculations, one has to convert

(vi.v,] 2¥. 21,
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