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Motivation

The Nobel Prize 2011 (Perlmutter, Schmidt and Riess, 1998)

The discovery of the accelerating expansion of the Universe through observations
of distant supernovae.
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Motivation

The Nobel Prize 2011 (Perlmutter, Schmidt and Riess, 1998)

The discovery of the accelerating expansion of the Universe through observations
of distant supernovae.

The fitting problem in cosmology (Ellis, Stoeger, 1987)

@ The effect of inhomogeneities
on light propagation: exists, but it is small,
on the large scale structure of spacetime:

exists, it is small and cannot mimic cosmological constant (Green-Wald
formalism),
exists, it is large and can mimic cosmological constant (Buchert formalism).
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Motivation

@ A controversy
» Physical Review D 83:084020 (2011),
S. Green and R. Wald.
» Classical and Quantum Gravity 32 (2015) 215021,
T. Buchert, M. Carfora, G.F.R. Ellis, EW. Kolb, M.A.H. MacCallum,
J.J. Ostrowski, S. Rasidnen, B.F. Roukema, L. Andersson, A.A. Coley,
D.L. Wiltshire.
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Averaging in general relativity

@ The standard approach
Algu) = &,
A — the averaging operator,
gu — the inhomogeneous metric,
g©) — the effective (averaged) metric.

Unfortunately, in cosmology, we do not know gy.
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Averaging in general relativity
@ The standard approach
Algu) = &,
A — the averaging operator,
gu — the inhomogeneous metric,
g©) — the effective (averaged) metric.
Unfortunately, in cosmology, we do not know gy.

@ The alternative point of view, gy = g(® + h
G(gu) =8nT,

g(® — the effective metric,
h — a not necessarily small contribution (represents inhomogeneities).

In cosmology, we usually assume g(©) = grryy. Hence
G(grrw) = 8r(T® + ¢y |

T® =< T > — the ‘averaged’ energy-momentum tensor,
t(0) — the effective energy-momentum tensor which represents the effect of
inhomogeneities (backreaction)
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Averaging in general relativity
Questions

Is it possible that t(©) ~ Agrry?

What kind of ¢(©) will one obtain assuming gu, grriv are known?
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Averaging in general relativity

Questions

Is it possible that t(©) ~ Agrry?

What kind of ¢(©) will one obtain assuming gy, grrw are known?

@ An example by Charach and Malin, 1979.

G(gU) = 87TT7

gu and T contain oscillations,

T = aT — a massless scalar field, a controls the amplitude,
gu = g©@ + h, where only h oscillates.

The result: G(g(©) = 8x(TSW 4 TEW),

T5Y and TSW have the null fluid form (radiation) and TSV = o/ TSW.
Moreover, TSW =< T >.
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Green—Wald framework

Within this framework properties of t(©) may be studied in a general setting.

Direct motivation for our studies

The Green—Wald framework assumes existence of one-parameter families of
solutions to Einstein equations that satify some mathematical conditions. An
exact form of those solutions is not needed to predict properties of t(©), but
examples of such families may shed some light on possible restrictions of this
method and are necessary to show that the theorems are not empty.

S. Szybka, M. Wyrebowski Backreaction for Einstein-Rosen waves 6 /19



The G-W assumptions
(i)
There exists a one-parameter family g.p(A), A > 0, satisfying

Gap(g(N)) =87 Tap(A), A>0,
where T,(\)t2(A\)t2()\) > 0 for all timelike t2(\).

(ii)

There exists a smooth background metric

(0)

0 .
8.p = )l‘lnogab()‘)

hap(A) = gap(\) — 82 =0 for A —0.
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The G-W assumptions

(iii)
Derivatives V,hpc(A) are bounded in the limit A — 0 (do not necessarily go to
zero).

No assumptions about second derivatives — can be unbounded.

(iv)

There exists a smooth tensor field

Mabedef = w—Iim [Vahcd()\)vbhef()\)] o
A—0
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The weak limit

We say that a one-parameter family of smooth tensor fields A,, 5, (A\), A >0
converges weakly to B, 5, as A — 0,

n

Bal...a,, = V\/’\'l%n Aal‘..a,,()\) y

if for all smooth {212 of compact support, we have

lim /f""""""Aalman()\):/f"’““a"Bal...a,,.

A—0
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The equation satisfied by the background metric

Gab(g(o)) = 8 ng) + 8w tgg) .

where

° T;g) = w-limx_,0 (Tap(A)) — the "averaged matter energy-momentum tensor’

° tgg) — the 'effective gravitational energy-momentum tensor’, contribution

from nonlinear terms in the Einstein tensor
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The effective energy-momentum tensor

0 1 0
8m t.gb) = g (_:U’Ccdede - :U’ccddee + 2 MCdcede) ggb)
1 1
+ 5 ,LLCdacbd - 5 lu‘ccadbd + Z :LLadecd
1 3 1
- 5 /’[’C(ab)cdd + Z Mccabdd - 5 MCdabcd
Theorem (Green and Wald, 2011)
tgg) is traceless and satisfies the weak energy condition. J
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The Einstein-Rosen metric

The line element has the form (Einstein, Rosen 1937; Rosen 1954)
g =e207¥) (—dt? +dp?) + p*e Y dp? +e*¥ d22,
where (cylindrical symmetry)

p>0, —co<t,z<oo, 0Zp<2m,
v=1y(t,p), v=(tp).

Include massless minimally coupled scalar field ¢ to obtain nonvacuum solutions.
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The Einstein-Rosen-scalar field solution

Field equations reduce to

" 1 1 n
vk —d =0,
vl:p(¢2+¢/2+¢2+wl2>7
i =20 (9 + '),

" 1 / n
¢+ 24 —$=0.

p

The energy density of the scalar field as measured by observers comoving with the
coordinate system (with four-velocity u = e¥~70;)

€= Tuttu = - 0 (7 +62)
8
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One-parameter family of solutions

We choose the following particular solutions of the field equations:
¢>\(t7p):a\/X F)\(t,p) ) 'l/))\(t?p):ﬂ\/X F)\(tap) ) A>O>

where: Fx(t, p) = Jo (§) sin (£); A — parameter; Jo — Bessel function of the first
kind and zero order; constants «, 8 — real and independent of \.
Integrating the remaining field equations we get

O[2 2
() = 2 LBy + (B - 22 a5

>

)sin2(§) :

This gives g(\).
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One-parameter family of solutions

Let Ax(t,p) = Jo (£) cos (§) and Bx(t,p) = J1 (§)sin (£). Then for A > 0 the
nonzero components of Tab()\) are

2
[0
Te) = T = e (A + BY).
052
Tep(A) = Tpe(A) = =5 ABx
Too(\) = o o P2(A2 — B?)
i 8mA AT
To(\) = Tep(N)p 23
Then
e(\) = e2(BVXFA— (A2 + B2) .

Note the nontrivial behavior in the limit A — 0.
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The background metric

By =22 leosto/n - - Ty + 0(2)

Using this we find the limit as A\ — 0:

For p/A > 1:

Pr =0, = (@@ +8%)p/m, ér—0.

Thus
g0 = 2o +5%)p/m (—dt® + dp?) + pPdp® +d2>.

The limiting functions do not satisfy one of the field equations, hence g(® does
not belong to the described class of solutions.
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The background metric

The nonzero components of G,,(g(®) are

a? + (2
7o

Gtt(g(o)) = Gpp(é’(o)) =

In the weak limit the nonzero components of the scalar field energy-momentum
tensor are

2
(0) _ (0 _ &
Ttt - Tpp - 871'2p'
So, the effective energy-momentum tensor can be readily calculated:

tly = ¢ Ganlg®) — T
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The p tensor

Ptttttt = Httpppp = —Httttpp

2 _ 1 -
= Hppttet = Hpppppp = ~Hppttpp = ;ﬁzp T (O‘ + ﬁz) Hat+8%0/ )

2
_ _ 2 3
Hitoope = Hppoopp = ;ﬂ P
2
2 1
Httzzzz = Hppzzzz = 7__(_/6 P,

2 2 2
_ _ _ _ 2 2(a+p T
Betppop = —Hitttoe = Hppppoe = ~Hppttop = ;5 pe ¢ el )

— — _ 2 —1,2(a®+B%)p/7
Httppzz = —Httttzz = Hppppzz = —Hppttzz = —_ﬁ (@*+6%p/ s

_ _ 2
Hitopzz = Hppppzz = _;5 P

All other components follow from jiapcder = fi(ab)(cd)(ef) = Habefed OF Vanish.
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The effective energy-momentum tensor

Nonzero components:

0 3
tQ) = ¢ = 807y
Properties:

@ g(\) satisfies all GW assumptions,

o t( satisfies all GW theorems (traceless, WEC),

@ inhomogeneities of the scalar field do not contribute in the leading order to
the backreaction effect (no dependence on «),

o for the chosen subclass of solutions t(%) is unique.
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