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Cold Dark Matter!

CDM: “pressureless dust”!

wCDM ⇡ cs,CDM ⇡ 0

w =
P̄

⇢̄
c2s =

�P

�⇢
Equation of state!

à Redshifts as matter!
!

Sound speed!
à Clusters on “all” scales!

!(although, e.g. Loeb & Zaldarriaga 2005)!

Candidates include WIMPs, heavy sterile ν’s, QCD axion…!



Structure formation!
Power spectrum rises on small scales: hierarchical assembly.!
Verified by CMB and galaxy surveys for large scales.!
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Fig. 5.— The reconstructed matter power spectrum: the stars show the power spectrum from combining ACT and WMAP data (top
panel). The solid and dashed lines show the nonlinear and linear power spectra respectively from the best-fit ACT ⇤CDM model with
spectral index of ns = 0.96 computed using CAMB and HALOFIT (Smith et al. 2003). The data points between 0.02 < k < 0.19 Mpc�1

show the SDSS DR7 LRG sample, and have been deconvolved from their window functions, with a bias factor of 1.18 applied to the data.
This has been rescaled from the Reid et al. (2010) value of 1.3, as we are explicitly using the Hubble constant measurement from Riess et al.
(2011) to make a change of units from h�1Mpc to Mpc. The constraints from CMB lensing (Das et al. 2011), from cluster measurements
from ACT (Sehgal et al. 2011), CCCP (Vikhlinin et al. 2009) and BCG halos (Tinker et al. 2011), and the power spectrum constraints
from measurements of the Lyman–↵ forest (McDonald et al. 2006) are indicated. The CCCP and BCG masses are converted to solar mass
units by multiplying them by the best-fit value of the Hubble constant, h = 0.738 from Riess et al. (2011). The bottom panel shows the
same data plotted on axes where we relate the power spectrum to a mass variance, �M/M, and illustrates how the range in wavenumber k
(measured in Mpc�1) corresponds to range in mass scale of over 10 orders of magnitude. Note that large masses correspond to large scales
and hence small values of k. This highlights the consistency of power spectrum measurements by an array of cosmological probes over a
large range of scales.

Fig: Hlozek et 
al (ACT, 2011)!



Smallest objects and substructure!

CDM predicts a large number of low mass objects.!
à “Missing Satellites Problem”!

FIG. 4.ÈProperties of satellite systems within 200 h~1 kpc from the
host halo. T op: The three-dimensional rms velocity dispersion of satellites
vs. the maximum circular velocity of the central halo. Solid and open
circles denote "CDM and CDM halos, respectively. The solid line is the
line of equal satellite rms velocity dispersion and the circular velocity of the
host halo. Middle : The number of satellites with circular velocity larger
than 10 km s~1 vs. circular velocity of the host halo. The solid line shows a
rough approximation presented in the legend. Bottom: The cumulative
circular VDF of satellites. Solid triangles show average VDF of MW and
Andromeda satellites. Open circles present results for the CDM simula-
tion, while the solid curve represents the average VDF of satellites in the
"CDM simulation for halos shown in the upper panels. To indicate the
statistics, the scale on the right y-axis shows the total number of satellite
halos in the "CDM simulation. Note that while the numbers of massive
satellites ([50 km s~1) agree reasonably well with the observed number of
satellites in the Local Group, models predict about 5 times more lower
mass satellites with km s~1.Vcirc \ 10È30

FIG. 5.ÈSame as in Fig. 4, but for satellites within 400 h~1 kpc from the
center of a host halo. In the bottom panel we also show the cumulative
velocity function for the Ðeld halos (halos outside of 400 h~1 kpc spheres
around seven massive halos), arbitrarily scaled up by a factor of 75. The
di†erence at large circular velocities km s~1 is not statisticallyVcirc [ 50
signiÐcant. Comparison between these two curves indicates that the veloc-
ity functions of isolated and satellite halos are very similar. As for the
satellites within the central 200 h~1 kpc (Fig. 4), the number of satellites in
the models and in the Local Group agrees reasonably well for massive
satellites with km s~1 but disagrees by a factor of 10 for low-Vcirc [ 50
mass satellites with km s~1.Vcirc \ 10È30

TABLE 3

SATELLITES IN "CDM MODEL INSIDE R \ 200/400 h~1 kpc FROM CENTRAL HALO

Halo Vcirc Halo Mass Vrms Vrotation
(km s~1) (h~1M

_
) Number of Satellites Fraction of Mass in Satellites (km s~1) (km s~1)

140.5 . . . . . . 2.93 ] 1011 9/15 0.053/0.112 99.4/94.4 28.6/15.0
278.2 . . . . . . 3.90 ] 1012 39/94 0.041/0.049 334.9/287.6 29.8/11.8
205.2 . . . . . . 1.22 ] 1012 27/44 0.025/0.051 191.7/168.0 20.0/11.3
175.2 . . . . . . 6.26 ] 1011 5/10 0.105/0.135 129.1/120.5 41.5/45.2
259.5 . . . . . . 2.74 ] 1012 24/52 0.017/0.029 305.0/257.3 97.1/16.8
302.3 . . . . . . 5.12 ] 1012 37/105 0.055/0.112 394.6/331.6 39.4/15.7
198.9 . . . . . . 1.33 ] 1012 24/58 0.048/0.049 206.1/169.3 17.7/12.1
169.8 . . . . . . 7.91 ] 1011 17/26 0.053/0.067 162.8/156.0 9.3/5.0

v2c =
GM(< r)

r

Klypin et al (1999): 
“Models predict about 5 
to 20 times more low 
mass satellites.”!

Strong and mililensing could resolve smaller DM substructure.!
e.g. Hezaveh et al, 2014!



Fig. 2. The missing satellite and “too big to fail” problems. (Left) Projected dark matter distribution (600 kpc on a side) of a simulated, 1012M
�

CDM halo
(Garrison-Kimmel, Boylan-Kolchin, & Bullock, in preparation). As in Figure 1, the numerous small subhalos far exceed the number of known Milky Way satellites. Circles mark
the nine most massive subhalos. (Right) Spatial distribution of the “classical” satellites of the Milky Way. The central densities of the subhalos in the left panel are too high
to host the dwarf satellites in the right panel, predicting stellar velocity dispersions higher than observed. The diameter of the outer sphere in the right panel is 300 kpc; relative
to the simulation prediction (and to the Andromeda galaxy) the Milky Way’s satellite system is unusually centrally concentrated (Yniguez et al. 2013).

ciency of converting baryons to stars remains surprisingly low
(⇠ 0.1%� 1%) well above the photoionization threshold, and
it is unclear which if any of the ultra-faint dwarfs are “fossils”
from before the epoch of reionization (Bovill & Ricotti 2009).
Despite the gaps in understanding, it seems reasonable for now
to regard the relation between low mass subhalos and ultra-
faint dwarfs as a puzzle of galaxy formation physics rather
than a contradiction of CDM.

Instead, attention has focused recently on the most lumi-
nous satellites. Circles in Figure 2 mark the nine most mas-
sive subhalos in the simulation, which one would expect to
host galaxies like the Milky Way’s “classical” dwarf satellites.
However, the mass in the central regions of these subhalos
exceeds the mass inferred from stellar dynamics of observed
dwarfs, by a factor ⇠ 5 (Boylan-Kolchin et al. 2011, 2012;
Springel et al. 2008; Parry et al. 2012). While it is pos-
sible in principle that these massive subhalos are dark and
that the observed dwarfs reside in less massive hosts, this
outcome seems physically unlikely; in the spirit of the times,
Boylan-Kolchin et al. (2011) titled this conflict “too big to
fail.” The degree of discrepancy varies with the particular re-
alization of halo substructure and with the mass of the main
halo, but even for a halo mass at the low end of estimates
for the Milky Way the discrepancy appears too large to be a
statistical fluke, and a similar conflict is found in the satellite
system of the Andromeda galaxy (Tollerud et al. 2012). While
“missing satellites” in low mass subhalos may be explained by
baryonic e↵ects, the “too big to fail” problem arises in more
massive systems whose gravitational potential is dominated
by dark matter. In its present form, therefore, the satellite
puzzle looks much like the cusp-core problem: numerical sim-
ulations of CDM structure formation predict too much mass
in the central regions of halos and subhalos. Indeed, Walker
& Peñarrubia (2011), Amorisco et al. (2013), and others have
reported evidence that the Milky Way satellites Fornax and
Sculptor have cored density profiles.

Solutions in Baryonic Physics?
When the cusp-core problem was first identified, the conven-
tional lore was that including baryonic physics would only
exacerbate the problem by adiabatically contracting the dark
matter density distribution (Blumenthal et al. 1986; Flores
& Primack 1994). Navarro, Eke, & Frenk (1996) proposed
a scenario, which seemed extreme at the time, for producing
a cored dark matter distribution: dissipative baryons draw
in the dark matter orbits adiabatically by slowly deepening
the gravitational potential, then release them suddenly when
the supernova feedback of a vigorous starburst blows out a
substantial fraction of the baryonic material, leaving the dark
matter halo less concentrated than the one that would have
formed in the absence of baryons. Since then, hydrodynamic
simulations have greatly improved in numerical resolution and
in the sophistication with which they model star formation
and supernova feedback. With the combination of a high gas
density threshold for star formation and e�cient feedback,
simulations successfully reproduce the observed stellar and
cold gas fractions of field galaxies. The ejection of low angular
momentum gas by feedback plays a critical role in suppressing
the formation of stellar bulges in dwarf galaxies (Governato et
al. 2010), another long-standing problem in early simulations
of galaxy formation. The episodic gas outflows also produce
rapid fluctuations of the gravitational potential, in contrast to
the steady growth assumed in adiabatic contraction models.

Figure 3, based on Governato et al. (2012), illustrates the
impact of this episodic feedback on the dark matter density
profile. In the left panel, the upper dot-dashed curve shows
the final halo profile of an N-body simulation run with grav-
ity and dark matter only. Other curves show the evolution of
the dark matter density profile in a hydrodynamic simulation
with star formation and feedback, from the same initial con-
ditions. Over time, the central dark matter density drops,
and the cuspy profile is transformed to one with a nearly
constant density core (lower solid curve). Pontzen & Gov-
ernato (2012) present an analytic model that accurately de-
scribes this transformation (and its dependence on simulation
assumptions); essentially, the rapid fluctuations in the central
potential pump energy into the dark matter particle orbits, so

Footline Author PNAS Issue Date Volume Issue Number 3

The Milky Way Satellites!

Fig: Weinberg et al 2013!

“Too Big To Fail:” CDM predicts larger number of massive 
satellites of order mass of the LMC.! Boylan-Kolchin et al (2011)!

simulation! “observed”!



Central densities!
CDM density profiles are a slowly varying power law.!

⇢NFW

⇢crit
=

�c
(r/rs)(1 + r/rs)2

² Observed in simulation.!
² Consequence of thermodynamics.!
² Consequence of phase space density?!

Navarro et al, 1997!

Taylor & Navarro, 2001!

e.g. Binney & Tremaine!



The “cusp-core” problem!
Steep central densities in conflict w/ observation: LSBs!

Fig. 1. The cusp-core problem. (Left) An optical image of the galaxy F568-3 (small inset, from the Sloan Digital Sky Survey) is superposed on the the dark matter
distribution from the “Via Lactea” cosmological simulation of a Milky Way-mass cold dark matter halo (Diemand et al. 2007). In the simulation image, intensity encodes the
square of the dark matter density, which is proportional to annihilation rate and highlights low mass substructure. (Right) The measured rotation curve of F568-3 (points)
compared to model fits assuming a cored dark matter halo (blue solid curve) or a cuspy dark matter halo with an NFW profile (red dashed curve, concentration c = 9.2,
V200 = 110 km s�1). The dotted green curve shows the contribution of baryons (stars+gas) to the rotation curve, which is included in both model fits. An NFW halo
profile overpredicts the rotation speed in the inner few kpc. Note that the rotation curve is measured over roughly the scale of the 40 kpc inset in the left panel.

typical for galaxy mass halos. When normalized to match the
observed rotation at large radii, the NFW halo overpredicts
the rotation speed in the inner few kpc, by a factor of two or
more.

Early theoretical discussions of the cusp-core problem de-
voted considerable attention to the predicted central slope of
the density profiles and to the e↵ects of finite numerical reso-
lution and cosmological parameter choices on the simulation
predictions (see Ludlow et al. 2013 for a recent, state-of-the-
art discussion). However, the details of the profile shape are
not essential to the conflict; the basic problem is that CDM
predicts too much dark matter in the central few kpc of typical
galaxies, and the tension is evident at scales where vc(r) has
risen to ⇠ 1/2 of its asymptotic value (see, e.g., Alam, Bul-
lock, & Weinberg 2002; Kuzio de Naray & Spekkens 2011).
On the observational side, the most severe discrepancies be-
tween predicted and observed rotation curves arise for fairly
small galaxies, and early discussions focused on whether beam
smearing or non-circular motions could artificially suppress
the measured vc(r) at small radii. However, despite uncer-
tainties in individual cases, improvements in the observations,
sample sizes, and modeling have led to a clear overall picture:
a majority of galaxy rotation curves are better fit with cored
dark matter profiles than with NFW-like dark matter profiles,
and some well observed galaxies cannot be fit with NFW-like
profiles, even when one allows halo concentrations at the low
end of the theoretically predicted distribution and accounts for
uncertainties in modeling the baryon component (e.g., Kuzio
de Naray et al. 2008). Resolving the cusp-core problem there-
fore requires modifying the halo profiles of typical spiral galax-
ies away from the profiles that N-body simulations predict for
collisionless CDM.

Figure 2 illustrates the “missing satellite” problem. The
left panel shows the projected dark matter density distribu-
tion of a 1012M

�

CDM halo formed in a cosmological N-body
simulation. Because CDM preserves primordial fluctuations
down to very small scales, halos today are filled with enormous
numbers of subhalos that collapse at early times and preserve
their identities after falling into larger systems. Prior to 2000,
there were only nine dwarf satellite galaxies known within the

⇠ 250 kpc virial radius of the Milky Way halo (illustrated
in the right panel), with the smallest having stellar velocity
dispersions ⇠ 10 km s�1. Klypin et al. (1999) and Moore et
al. (1999b) predicted a factor ⇠ 5 � 20 more subhalos above
a corresponding velocity threshold in their simulated Milky
Way halos. Establishing the “correspondence” between satel-
lite stellar dynamics and subhalo properties is a key technical
point (Stoehr et al. 2002), which we will return to below, but
a prima facie comparison suggests that the predicted satellite
population far exceeds the observed one.

Fortunately (or perhaps unfortunately), the missing satel-
lite problem seems like it could be solved fairly easily by
baryonic physics. In particular, the velocity threshold at
which subhalo and dwarf satellite counts diverge is close to
the ⇠ 30 km s�1 value at which heating of intergalactic gas
by the ultraviolet photoionizing background should suppress
gas accretion onto halos, which could plausibly cause these
halos to remain dark (Bullock, Kravtsov, & Weinberg 2000;
Benson et al. 2002; Somerville 2002). Alternatively, super-
novae and stellar winds from the first generation of stars could
drive remaining gas out of the shallow potential wells of these
low mass halos. Complicating the situation, searches using
the Sloan Digital Sky Survey have discovered another ⇠ 15
“ultra-faint” satellites with luminosities of only 103 � 105L

�

(e.g., Willman et al. 2005; Belokurov et al. 2007). The high-
latitude SDSS imaging covered only ⇠ 20% of the sky, and
many of the newly discovered dwarfs are so faint that they
could only be seen to 50-100 kpc (Koposov et al. 2008; Walsh
et al. 2009), so extrapolating to the full volume within the
Milky Way virial radius suggests a population of several hun-
dred faint dwarf satellites (Tollerud et al. 2008). Estimates
from stellar dynamics imply that the mass of dark matter in
the central 0.3 kpc of the host subhalos is M0.3 ⇡ 107M

�

across an enormous range of luminosities, L ⇠ 103 � 107L
�

(encompassing the “classical” dwarf spheroidals as well as the
SDSS dwarfs), which suggests that the mapping between halo
mass and luminosity becomes highly stochastic near this mass
threshold (Strigari et al. 2008). The luminosity function of
the faint and ultra-faint dwarfs can be explained by semi-
analytic models invoking photoionization and stellar feedback
(e.g., Koposov et al. 2009; Macciò et al. 2009), though the e�-

2 www.pnas.org/cgi/doi/10.1073/pnas.0709640104 Footline Author

Fig: Weinberg et al 2013!



The “cusp-core” problem!
Steep central densities in conflict w/ observation: dSphs!

16

FIG. 9.— Results for the Carina, Fornax and Sculptor dSphs. Panels display posterior PDFs for model parameters, obtained from applying the two stellar subcomponent models
introduced in Section 3. Table 2 lists median values and 68% (95%) confidence intervals derived from these PDFs.

FIG. 10.— Left, center: Constraints on halflight radii and masses enclosed therein, for two independent stellar subcomponents in the Fornax and Sculptor dSphs. Plotted points
come directly from our final MCMC chains, and color indicates relative likelihood (normalized by the maximum-likelihood value). Overplotted are straight lines indicating the central
(and therefore maximum) slopes of cored (limr→0 d logM/d log r] = 3) and cusped (limr→0 d logM/d log r] = 2) dark matter halos. Right: Posterior PDFs for the slope Γ obtained for
Fornax and Sculptor. The vertical dotted line marks the maximum (i.e., central) value of an NFW profile (i.e., cusp with γDM = 1, limr→0[d logM/d log r] = 2). These measurements
rule out NFW and/or steeper cusps (γDM ≥ 1) with significance s! 96% (Fornax) and s! 99% (Sculptor).

sufficiently near the dSph to be observed and counted as
bound members (e.g., Piatek & Pryor 1995; Oh et al. 1995;
Read et al. 2006; Klimentowski et al. 2007; Peñarrubia et al.
2008b, 2009). Both phenomena affect the outer more than
the inner parts of a satellite—thus tidal heating is the only
process we identify that may cause our method to return an
over-estimate of Γ.
However, measurements of their systemic distances and ve-

locities imply that neither Fornax (D∼ 138 kpc, Mateo 1998)
nor Sculptor (D ∼ 79 kpc) experience strong tidal encoun-
ters with the Milky Way. Fornax’s line-of-sight velocity and
proper motion (Piatek et al. 2007, supported by this work)
imply a pericenter distance of rp = 118+19−52 kpc (Piatek et al.
2007, error bars give 95% confidence intervals), and Sculp-
tor’s imply rp ∼ 65 kpc (with 95% confidence intervals al-

lowing values as low as ∼ 30 kpc) for either of the two astro-
metric proper motion measurements (Schweitzer et al. 1995;
Piatek et al. 2006). N-body simulations by Peñarrubia et al.
(2009) and Peñarrubia et al. (2010) demonstrate that for satel-
lite halos that follow the generic density profile given by
Equation 16, the instantaneous tidal radius at pericenter is
rt ≈ rp[Mdsph(≤ rt )/(3MMW(≤ rp)]1/3, where Mdsph(rt) is the
dSph mass enclosed within the tidal radius and MMW(≤ rp)
is the enclosed mass of the Milky Way within the peri-
centric distance. Watkins et al. (2010) have recently used
a sample of tracers (halo stars, globular clusters and satel-
lite galaxies) in the outer Galactic halo to estimate a mass
of MMW(≤ 300kpc) = 0.9± 0.3× 1012M⊙. We obtain con-
servative lower limits for the pericentric tidal radii of For-
nax and Sculptor by considering only the stellar mass of

Fig: Walker & Penarrubia, 2011!Excludes NFW at >99% confidence.!



A foil for theory: DM and baryons!

We can use small scales to test all these ideas.!
We can use these ideas to formulate new tests of DM.!
Learn something about DM either way: don’t “oversolve”. !

Baryon solutions seem conservative. But we also have no a 
priori reason to believe the DM is cold and collisionless!!

Unknown astrophysics could solve CDM problems.!
² Supernova feedback!
² Dynamical friction!

e.g. Pontzen & Governato (2014)!
e.g. Del Popo (2009)!

Modifying the theory of DM could solve problems, too.!
² Thermal velocities: warm DM!
² Collisional: self interacting DM!
² Non-thermal effects: fluid, fuzzy, axion DM!

e.g. Bond et al (1982), Bode et al (2001)!

e.g. Spergel & Steinhardt (2000), Boehm et al (2001)!

e.g. Peebles (2000), Hu et al (2000), Marsh & Silk (2013)!



Figure 2: A slice of density field of ψDM simulation on various scales at zzz=== 000...111. This scaled sequence
(each of thickness 60 pc) shows how quantum interference patterns can be clearly seen everywhere from
the large-scale filaments, tangential fringes near the virial boundaries, to the granular structure inside the
haloes. Distinct solitonic cores with radius ∼ 0.3− 1.6 kpc are found within each collapsed halo. The
density shown here spans over nine orders of magnitude, from 10−1 to 108 (normalized to the cosmic mean
density). The color map scales logarithmically, with cyan corresponding to density ! 10.

graphic processing unit acceleration, improving per-
formance by almost two orders of magnitude21 (see
Supplementary Section 1 for details).

Fig. 1 demonstrates that despite the completely
different calculations employed, the pattern of fil-
aments and voids generated by a conventional N-
body particle ΛCDM simulation is remarkably in-
distinguishable from the wavelike ΛψDM for the
same linear power spectrum (see Supplementary Fig.
S2). Here Λ represents the cosmological constant.
This agreement is desirable given the success of stan-
dard ΛCDM in describing the statistics of large scale
structure. To examine the wave nature that distin-
guishes ψDM from CDM on small scales, we res-
imulate with a very high maximum resolution of
60 pc for a 2 Mpc comoving box, so that the dens-
est objects formed of " 300 pc size are well re-
solved with ∼ 103 grids. A slice through this box
is shown in Fig. 2, revealing fine interference fringes
defining long filaments, with tangential fringes near

the boundaries of virialized objects, where the de
Broglie wavelengths depend on the local velocity of
matter. An unexpected feature of our ψDM simula-
tions is the generation of prominent dense coherent
standing waves of dark matter in the center of every
gravitational bound object, forming a flat core with
a sharp boundary (Figs. 2 and 3). These dark matter
cores grow as material is accreted and are surrounded
by virialized haloes of material with fine-scale, large-
amplitude cellular interference, which continuously
fluctuates in density and velocity generating quan-
tum and turbulent pressure support against gravity.

The central density profiles of all our collapsed
cores fit well with the stable soliton solution of the
Schrödinger-Poisson equation, as shown in Fig. 3
(see also Supplementary Section 2 and Fig. S3). On
the other hand, except for the lightest halo which
has just formed and is not yet virialized, the outer
profiles of other haloes possess a steepening loga-
rithmic slope, similar to the Navarro-Frenk-White
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Cosmic structure as the quantum interference of a
coherent dark wave
Hsi-Yu Schive1, Tzihong Chiueh1,2* and Tom Broadhurst3,4

The conventional cold-particle interpretation of dark matter
(known as ‘cold dark matter’, or CDM) still lacks laboratory
support and struggles with the basic properties of common
dwarf galaxies, which have surprisingly uniform central masses
and shallow density profiles1–5. In contrast, galaxies predicted
by CDM extend to much lower masses, with steeper, sin-
gular profiles6–9. This tension motivates cold, wavelike dark
matter ( DM) composed of a non-relativistic Bose–Einstein
condensate, so the uncertainty principle counters gravity
below a Jeans scale10–12. Here we achieve cosmological sim-
ulations of this quantum state at unprecedentedly high
resolution capable of resolving dwarf galaxies, with only
one free parameter, mB, the boson mass. We demonstrate
the large-scale structure is indistinguishable from CDM, as
desired, but di�ers radically inside galaxies where quantum
interference forms solitonic cores surrounded by extended
haloes of fluctuating density granules. These results allow us to
determine mB =(8.0+1.8

�2.0)⇥10�23 eV using stellar phase-space
distributions in dwarf spheroidal galaxies. Denser, more
massive solitons are predicted for Milky Way sized galaxies,
providing a substantial seed to help explain early spheroid for-
mation. The onset of galaxy formation is substantially delayed
relative to CDM, appearing at redshift z... 13 in our simulations.

Standard, thermally generated dark matter remains firmly
undetected in laboratory searches for weakly interacting massive
particles (WIMPs; ref. 13). Non-thermal bosonic fields, particularly
scalar fields, provide another well-motivated class of dark matter,
formed in a non-relativistic, low-momentum state as a cold
Bose–Einstein condensate (BEC), and increasingly motivated by
extensions of the Standard Model of particle physics and to the
mechanism driving the universal expansion14. The field in this
context can be described by a coherent wave function  with an
interference pattern determining the distribution of dark matter,
which we term  DM. Axions are long-standing CDM candidates
of this form, and higher-dimensional theories motivate an ‘axiverse’,
where a discrete mass spectrum of axion-like particles spans many
decades, possibly a�ecting cosmic structure15.

The distribution of  DM mimics particle CDM on large
scales16,17, and hence distinguishing between CDM and cold,
wavelike  DM is best made on small scales owing to the additional
quantum stress10–12,17. Dwarf spheroidal (dSph) galaxies are the
smallest and most common class of galaxy with internal motions
dominated by dark matter. Their basic properties are very hard to
explain with standard CDM, including the surprising uniformity
of their central masses, M(<300 pc) ' 107 M�, where M� is the
solar mass, and shallow density profiles1–5. In contrast, galaxies

ψDM CDMa b

Figure 1 | Comparison of cosmological large-scale structures formed by
standard CDM and by wavelike dark matter,  DM. a, Structure created by
evolving a single coherent wave function for3 DM calculated on
adaptive-mesh-refinement grids. b, Structure simulated with a standard
3CDM N-body code GADGET-2 (ref. 34) for the same cosmological
parameters, with the high-k modes of the linear power spectrum
intentionally suppressed in a way similar to the  DM model to highlight the
comparison of large-scale features. This comparison clearly demonstrates
that the large-scale distribution of filaments and voids is indistinguishable
between our model and3CDM (which has been successful in describing
the observed large-scale structure).  DM arises from the low-momentum
state of the condensate so that it is equivalent to collisionless CDM well
above the Jeans scale.

predicted by CDM extend to much lower masses, well below the
observed dwarf galaxies, with steeper, singular mass profiles6–9.
Adjustments to standardCDMaddressing these di�culties consider
particle collisions18, or warm dark matter (WDM; ref. 19). WDM
can be tuned to suppress small-scale structures, but does not provide
large enough flat cores20. Collisional CDM can be adjusted to
generate flat cores, but cannot suppress low-mass galaxies without
resorting to other baryonic physics21. Better agreement is expected
for  DM because the uncertainty principle counters gravity below
a Jeans scale, simultaneously suppressing small-scale structures and
limiting the central density of collapsed haloes10–12.

Detailed examination of structure formation with  DM is
therefore highly desirable, but, unlike the extensive N-body
investigation of standard CDM, no su�ciently high resolution
simulations of  DM have been attempted. The wave mechanics of
 DMcan be described by Schrödinger’s equation, coupled to gravity
by means of Poisson’s equation16 with negligible microscopic self-
interaction. The dynamics here di�ers from collisionless particle
CDM by a new form of stress tensor from quantum uncertainty,
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Ultra-light Axion DM!
Massive scalar field minimally coupled to gravity.!
Non-thermally produced by vacuum realignment.!
Cosmological P.T. of relativistic Einstein-Klein-Gordon eqs.!
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CDM, 1 
CDM, 2
10−22eV, 1
10−22eV, 2
10−22eV, 3
10−22eV, 4
10−23eV, 3
10−23eV, 4

z = 8

Linear scales, CMB + LSS! Press-Schechter, HUDF:!
ma & 10�25 eV ma & 10�23 eV

Hlozek et al (2014)! Bozek et al (2014)!

Computations with axionCAMB!
 (DJEM, Grin, Hlozek, to be released)!



The non-relativistic limit!
Take ansatz solution for oscillating (w=0) axion field:!

� =
1p
2ma

( eimt +  ⇤e�imt)

Plug into Einstein-Klein-Gordon with limits:!

V ⌧ 1

oscillating!

low velocity!

sub-horizon!

k ⌧ ma

H ⌧ ma

k ⌧ H

weak-field!

Valid at late times on 
galactic scales!

e.g. Seidel & Suen (1990)!
Widrow & Kaiser (1993)!

But: no perturbation theory on the density à valid inside halos!



Schrödinger-Poisson equations!

i@t = � 1

2ma
r2 +maV  

r2V = 4⇡G| |2

Classical field theory, but “very quantum” particles.!
Consistent limit for cosmology makes demands on solution.!
Valid description for all axion DM, not just ultra-light.!
Useful numerical model for CDM above “artificial” de Broglie.!

e.g. Guth et al (2014)!

e.g. Widrow & Kaiser (1993), Coles & Spencer (2003), Uhlemann et al (2014)!



Soliton solutions!
Consider a phase-coherent, localised energy eigenstate:!

 (t, r) = �(r)e�i�t

Pressure support and ground state à spherical symmetry.!

� ⌧ m for consistent non-relativistic limit of EKG.!

(general phase à Madelung)!

V 00 +
2V 0

r
= �2

�00 +
2�0

r
= 2(V � �)�

Quantum potential à support! Eigenvalue!



Clarification note on “soliton”! With thanks to 
Mustafa Amin!!

² Solutions are class of solitons called “oscillatons.”!
² Evade Derrik’s theorem: time dep. + gravity.!
² Complex field analogue is the “boson star.”!
² Not protected by a charge à pseudo soliton.!
à Instability (relativistic) to black hole formation.!

e.g. Liddle & Madsen (1992) !

Seidel & Suen (1990)!

�crit ⇡ 0.3Mpl

Image credit: asianscientist.com!

The axion soliton cores are 
technically “solitary waves.”!



Numerical solution of BVP!
Normalize central density and fix decays at infinity.!

�(0) = 0; �0(0) = 0; V 0(0) = 0

�(R) / e�
p

2|�|R; V (R) / � 1

R
; R � 1

Shooting method à !
Zero-node solution.!

� = �0.692

V (0) = �1.341
Relaxation to ground state via 
“gravitational cooling” (Seidel & Suen, 
1994; Guzman & Ureña-Lopez,2006 )!



Scaling properties (I)!
No explicit scale in the problem à scaling symmetry.!

(r,�, V, �, ⇢s) ! (r/�,�2�,�2V,�2�,�4⇢s)

Use this to rescale the BVP solution to astrophysical: λ<1!
à Rescale γ and k and check non-rel. limit + stability.!



Fit for the soliton!
Restoring units and using scale-free-ness:!

⇢
sol

= 2m2

aM
2

plf(↵r); r
sol

:= (↵ma)
�1

f(↵r) = (1 + ↵2r2)�8; ↵ = 0.230

Better than Gaussian.!
Gives analytic M and V.!
Accurate beyond de Broglie.!



Scaling properties (II)!

⇢
sol

(r) = ⇢
crit

�sf(r/rsol)

Enforce correct scaling to astrophysical densities:!

à Soliton radius fixed by central density and axion mass:!

�s = 1.8⇥ 107
✓

h

0.7

◆�2 ⇣ ma

10�22 eV

⌘�2

✓
r
sol

kpc

◆�4

Scaling relates soliton radius to linear Jeans scale:!

But, soliton shape à no match to NFW at common Jeans. !
à cores more compact than expected from linear theory!

r
sol

/
✓
⇢
sol

(0)

⇢
crit

◆�1/4

rJ,lin

Hu et al (2000); Marsh & Silk (2013)!



Beyond solitons!

Solitons can’t be the whole story:!
² Thermo à need NFW on large 

scales.!
² Lose phase coherence.!
² Classical & CDM-like above r ~ 

de Broglie.!
² Structure formation à no long 

range correlation!
à Characteristic size ~ Jeans!
² View from simulation.!
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200 kpc 50 kpc

5 kpc

Core

101

103

105

Figure 2 | A slice of the density field of the  DM simulation on various
scales at z=0.1. This scaled sequence (each of thickness 60 pc) shows
how quantum interference patterns can be clearly seen everywhere from
the large-scale filaments, tangential fringes near the virial boundaries, to
the granular structure inside the haloes. Distinct solitonic cores with radii
⇠0.3–1.6kpc are found within collapsed haloes (which have virial masses
Mvir ⇠ 109˘1011 M�). The density shown here spans over nine orders of
magnitude, from 10�1 to 108 (normalized to the cosmic mean density). The
colour map scales logarithmically, with cyan corresponding to density .10.

giving rise to a co-moving Jeans length, �J / (1+z)1/4m�1/2
B , during

the matter-dominated epoch17. The insensitivity of �J to redshift, z ,
generates a sharp cuto�mass belowwhich structures are suppressed.
Cosmological simulations in this context turn out to be much
more challenging than standard N-body simulations, as the highest
frequency oscillations, !, given approximately by the matter wave
dispersion relation, ! /m�1

B �
�2, where � is the wavelength, occur

on the smallest scales, requiring very fine temporal resolution even
formoderate spatial resolution (Supplementary Fig. 1). In this work,
we optimize an adaptive-mesh-refinement (AMR) scheme, with
graphic processing unit acceleration, improving performance by
almost two orders of magnitude22 (see Supplementary Section 1
for details).

Figure 1 demonstrates that despite the completely di�erent
calculations employed, the pattern of filaments and voids generated
by a conventional N-body particle3CDM simulation is remarkably
indistinguishable from the wavelike 3 DM for the same linear
power spectrum (Supplementary Fig. 3). Here 3 represents the
cosmological constant. This agreement is desirable given the
success of standard 3CDM in describing the statistics of large-scale
structure. To examine the wave nature that distinguishes DM from
CDM on small scales, we re-simulate with a very high maximum
resolution of 60 pc for a 2 Mpc co-moving box, so that the densest
objects formed of &300 pc size are well resolved with ⇠103 grids. A
slice through this box is shown in Fig. 2, revealing fine interference
fringes defining long filaments, with tangential fringes near the
boundaries of virialized objects, where the de Broglie wavelengths
depend on the local velocity of matter. An unexpected feature of
our DMsimulations is the generation of prominent dense coherent
standing waves of dark matter in the centre of every gravitational
bound object, forming a flat core with a sharp boundary (Figs 2
and 3). These dark matter cores grow as material is accreted and
are surrounded by virialized haloes of material with fine-scale,
large-amplitude cellular interference, which continuously fluctuate
in density and velocity, generating quantum and turbulent pressure
support against gravity.

The central density profiles of all our collapsed cores fit well
the stable soliton solution of the Schrödinger–Poisson equation, as
shown in Fig. 3 (see also Supplementary Section 2 and Figs 2 and 4).
On the other hand, except for the lightest halo, which has just formed
and is not yet virialized, the outer profiles of other haloes possess a
steepening logarithmic slope, similar to the Navarro–Frenk–White
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〉
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NFW
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105
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Figure 3 | Radial density profiles of haloes formed in the  DMmodel.
Dashed lines with various symbols show six examples of the halo profiles
normalized to the cosmic mean density. All haloes are found to possess a
distinct inner core fitted extremely well by the soliton solution (solid lines).
A detailed soliton fit for the largest halo is inset, where the error is the root-
mean-square scatter of density in each radial bin. A Navarro–Frenk–White
(NFW) profile representing standard CDM is also shown for comparison
(black dot-dashed line, with a very large scale radius of 10kpc), which fits
well the profiles outside the cores. The yellow hatched area indicates the
⇢300 of the dSph satellites around the Milky Way3,24, which is consistent
with the majority of galaxy haloes formed in the  DM simulations.

(NFW) profile23 of standard CDM. These solitonic cores, which are
gravitationally self-bound and appear as additional mass clumps
superposed on the NFW profile, are clearly distinct from the cores
formed by WDM and collisional CDM, which truncate the NFW
cuspy inner profile at lower values and require an external halo for
confinement. The radius of the soliton scales inversely with mass,
such that the widest cores are the least massive and are hosted by the
least massive galaxies. Eighty percent of the haloes in the simulation
have an average density within 300 pc (defined as ⇢300) in the range
5.3⇥ 10�3–6.1⇥ 10�1 M�/pc3, consistent with the dSph satellites
around the Milky Way3,24, and objects like these are resilient to
close interaction with massive galaxies. By contrast, the very lowest
mass objects in our simulation have ⇢300 ⇠ 4.0⇥ 10�4 M�/pc3 and
Mvir ⇠108 M�, but exist only briefly as they are vulnerable to tidal
disruption by large galaxies in our simulations. Together with the
cuto� in the power spectrum at the Jeans scale (Supplementary
Fig. 3), this leads to a marked suppression of substructure below
a few times 108 M� relative to the prediction of standard CDM
(refs 8,9). A quantitative evaluation of the mass function of satellite
galaxies predicted by  DM with larger simulations is thus another
crucial test to be addressed.

The prominent solitonic cores uncovered in our simulations
provide an opportunity to estimate the boson mass, mB, by
comparison with observations, particularly for dSph galaxies where
dark matter dominates. The local Fornax dSph galaxy is the best
studied case, with thousands of stellar velocity measurements,
allowing a detailed comparison with our soliton mass profile.
We perform a Jeans analysis for the dominant intermediate
metallicity stellar population, which exhibits a nearly uniform
projected velocity dispersion (�k; ref. 25). We simultaneously
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Fig: Schive et al (2014)!
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A complete model for halos!

⇢(r) = ⇥(r✏ � r)⇢
sol

(r) +⇥(r � r✏)⇢NFW

(r)

⇢(r✏) = ✏⇢(0) Matching radius. Close to “core 
radius.” Not exactly de Broglie. !
Fixes conc. from central density.!✏ ⇠ 10�2

Defines a three parameter family of halo models:!

{�s, ✏, rs}
Explore profiles of this form with MCMC and fit to data…!

(ma: universal)



Bayesian analysis with “emcee”!
Easy-peasy! My first ever MCMC all by myself J !



Walker and Peñarrubia’s method!

Velocity dispersion at half-light radius for two distinct stellar 
sub-components à robust measure of density profile slope.!

�2(rh) =
2GM(< rh)

5rh

8 D. J. E. Marsh and A. R. Pop

dSph log10(σ
2/km2 s−2) Error log10(r/kpc) Error

Fornax 2.00 0.05 -0.26 0.04
2.32 0.04 -0.05 0.04

Sculptor 1.62 0.06 -0.78 0.04
2.13 0.05 -0.52 0.04

Table 1. Data used in this work, taken from WP11. We approximate the likelihoods to be two-dimensional uncorrelated
Gaussians in log10(r,σ) for each data point.

ory. This will turn out to have important implications
for a possible solution to the cusp-core problem using
ULAs/scalar field DM.

4 AXION HALO DENSITY PROFILES AND
DWARF GALAXY CORES

In this section we will first define our proposal for the
complete halo density profile of axion /scalar-field DM.
We then go on to estimate the parameters in this pro-
file using the Fornax and Sculptor dSph density profile
slopes as measured by WP11. We introduce this mea-
surement and the approximations it uses, define a like-
lihood from this, and perform a Monte Carlo Markov
chain (MCMC) analysis. The results are all contained
in Table 3 and Figs. 2 and 3.

4.1 Defining the density profile

The halo density profiles for ultra light scalar dark mat-
ter observed in the simulations of Schive et al. (2014a,b)
consist of an NFW-like outer region, with a prominent
solitonic core. The observed transition is sharp, and we
model it as a step function:

ρ(r) = Θ(rϵ − r)ρsol(r) +Θ(r − rϵ)ρNFW(r) . (36)

The transition to an NFW profile at some radius is
expected on a number of physical grounds. Axion/scalar
field DM is indistinguishable from CDM on large scales,
and this is the basis of the Schrödinger approach to sim-
ulating CDM (Widrow & Kaiser 1993; Uhlemann et al.
2014). Thus, on scales much larger than the de Broglie
wavelength, the scalar field halos should resemble those
found in N-body simulations, i.e. NFW. Furthermore,
no long range correlation should occur; the smallest ob-
jects are solitons, with a characteristic granularity fixed
by the Jeans scale (Schive et al. 2014a,b; Guth et al.
2014). On large scales, phase decoherence should oc-
cur, violating the assumption in our soliton ansatz that
∂rγ = 0.

The dynamics will be that of an interacting gas
of solitons in a decoherent scalar field background. On
length scales larger than the soliton radius the usual
thermodynamic arguments relating to dust (Binney &
Tremaine 2008) will apply, leading to an NFW-like
profile (on large scales this equivalence between the
Schrödinger picture and dust thermodynamics can be
derived using the Wigner distribution,e.g. Widrow &
Kaiser 1993; Uhlemann et al. 2014). The transition in

behaviour from soliton to NFW governed by the deco-
herence scale, and the mass function of solitons in the
outer halo are all interesting questions, and will be the
subjects of forthcoming papers.

The NFW density profile is given by (Navarro et al.
1997)

ρNFW(r)
ρcrit

=
δchar

(r/rs)(1 + r/rs)2
. (37)

The soliton density profile is

ρsol(r)
ρcrit

=
δs

(1 + (r/rsol)2)8
. (38)

We take δs as a free parameter and rsol is fixed in terms
of it by Eq. (29) using α = 0.230 (see Appendix A for
further discussion of the profile). The rescaling param-
eter, λ, can then be found by setting rsol = (λαma)

−1.
We recall that consistent solutions with |γ/m| ≪ 1 re-
quire λ < 1, which also guarantees φ(0) ! 0.3Mpl and
the stability of the soliton (Seidel & Suen 1990).

We match the soliton and NFW profiles at a fixed
value of the overdensity, δ = ϵδs, defining the matching
radius rϵ. Since we have not been able to find an accu-
rate estimate that fixes ϵ analytically, we take it as a free
parameter.5 Continuity of the density at this point fixes
one of the two free parameters in the NFW profile. We
choose this to be δchar and take the scale radius to be a
free parameter. For a given ULA mass, our halo density
profile thus has three additional free parameters:

{δs, ϵ, rs} . (39)

We emphasise again that a theoretical model for
the value of ϵ, which could depende on redshift, central
density and/or particle mass, could perhaps be derived.
In this case, the density profile has just as many free
parameters as an NFW profile. Thus, in any given halo,
a core measurement would predict the point of tran-
sition to NFW, and a measurement of the outer halo
fixing concentration and scale radius would predict the
corresponding inner core size.

The data we use imply cored profiles on the ob-
served radii, and so in our phenomeneological model
with free ϵ we will find that the NFW parameters ϵ and
rs are unconstrained. We include and marginalise over
them in our constraints, which we now turn to.

5 An order of magnitude estimate for the matching radius
based on the de Broglie scale will not be enough. The soliton
density falls rapidly for r > rdB and so O(1) numerical co-
efficients have a large effect on the estimate for ϵ.
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Use empirical relation instead of full Jeans analysis:!

Full analysis in progress w/ Alma Gonazalez-Morales, following Diez-Tejedor et al (2014) !

Data from Walker & Peñarrubia (2011)!



Likelihood!
Treat the data as 2-dim uncorrelated Gaussians.!
Central values, errors, and model:!
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Reduce to effective 1-dim problem:! e.g. Ma et al (2013)!
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Priors! Axion dark matter, solitons, and the cusp-core problem 9

Parameter Prior

log10(ma/eV) U(X,−19)

log10 δ
F,S
s U(0, 10)

log10 ϵ
F,S U(−5, log10 0.5)

log10(r
F,S
s /kpc) U(−1, 2)

Table 2. Priors on our density profile parameters, where
U(a, b) is the uniform distribution on [a, b]. The lower bound
on the mass prior, X is given two different values: XCMB =
−25 (Hlozek et al. 2014) and XHUDF = −23 (Bozek et al.
2014), referred to as CMB and HUDF priors respectively.

Parameter Posterior

(ma/eV)HUDF < 1.1× 10−22 (95% C.L.)
(ma/eV)CMB < 1.0× 10−22 (95% C.L.)

log10 δ
F
s 5.55+0.06

−0.08
log10 δ

S
s 6.19± 0.05

Table 3. Posteriors on the constrained density profile pa-
rameters. The mass constraint is quoted for both the CMB
and HUDF priors (see Table 2). Upper and lower errors on
the central densities are given as the 16th and 84th per-
centiles and are quoted for the HUDF prior only (see text
for discussion). The upper bound on the axion mass reflects
the minimum core size consistent with observations.

4.2 Fitting to Fornax and Sculptor

While there are several ways of analysing the observed
data, we will focus on the method used by WP11 who
measured the slopes of dSph mass profiles directly from
stellar spectroscopic data. They use the fact that some
dSphs have been shown to have at least two stellar pop-
ulations that are chemo-dynamically distinct (see e.g.
Tolstoy et al. 2004; Battaglia et al. 2006; Battaglia et al.
2011). Measuring the halflight radii and velocity disper-
sions of two such populations in a dSph allows one to
infer the slope of the mass profile. The method of WP11
has the advantage that it does not need to adopt any
dark matter halo model a priori. Therefore the data can
be used to test theoretical density profile models with-
out having to run computationally expensive fits to the
full stellar data for each value of the theoretical param-
eters.

We model the results of WP11 as providing two-
dimensional Gaussian distributions for the half light
radii, rh,i, and velocity dispersions, σ(rh,i), for each of
the two stellar populations, i, in Fornax and Sculptor.
While the exact results display some covariance between
σ and rh the Gaussian approximation is far simpler to
analyse, and accurate enough for the purposes of this
study. This follows the approach taken by Lombriser &
Peñarrubia (2014) for testing chameleon gravity using
dSphs. The data we use are given in Table 1.

For our density profile the mass internal to any ra-
dius, M(< r), can be computed analytically (and so can
the derivative of the mass, dM/dr). These are the only
ingredients necessary in anlaysing this simplified version
of the stellar kinematic data. The velocity dispersion at
the stellar half-light radius obeys the following empirical

relationship:

σ2(rh) =
2GM(< rh)

5rh
. (40)

This relationship is related to the virial theorem, and is
found by solving the Jeans equation and finding a ‘sweet
spot’ where a wide variety of density and velocity pro-
files agree (including projection and anisotropy effects).
In this work we do not perform a full Jeans analysis
and use only this analytic relationship and the derived
errors on it, following WP11.

The two-dimensional nature of the (r,σ) data can
be accounted for using an effective one-dimensional er-
ror (e.g. Ma et al. 2013). If the data has central values
(x̄, ȳ) and standard deviations (Σx,Σy) then for a given
model y = f(x) the effective one-dimensional error is
given by:

Σ2
eff = Σ2

y +

(
df(x̄)
dx

)2

Σ2
x . (41)

The likelihood, L, can then be approximated as

L ∝ exp

[
−(f(x̄)− ȳ)2

2Σ2
eff

]
. (42)

We use the data for Fornax and Sculptor with equal
weight in the combined likelihood. The axion mass, ma,
is a global parameter which is the same for both Fornax
and Sculptor. Our final model thus has seven parameters
in total:

{ma, δ
F
s , δ

S
s , r

F
s , r

S
s , ϵ

S, ϵF} , (43)

with F, S, labelling Fornax and Sculptor respectively.
The priors on these parameters are given in Table 2.

We take Jeffreys’, or ‘least information’, priors in a fixed
range for all parameters. We will discuss our results
in detail shortly, but mention here those aspects rele-
vant to priors. We find that the NFW parameters (ϵ, rs)
are unconstrained. The priors on these parameters are
therefore irrelevant in quoting marginalised constraints
on other parameters and we take them extremely wide
to explore all possibilities. We impose an upper bound
on the ϵ prior of ϵ = 0.5, so that the match must oc-
cur outside the half-density radius, consistent with the
simulation results of Schive et al. (2014a). The central
densities are well constrained and so the results are in-
dependent of the prior.

We find a one-sided constraint on the axion mass,
and so the percentiles quoted depend on the prior for
the lower bound. We take two such priors. The first uses
the results of Hlozek et al. (2014), which place an ap-
proximate lower bound on ULAs to be all of the DM
of ma > 10−25 eV. This is a very conservative lower
bound and relies only on linear constraints from the
CMB. It is thus extremely reliable. Our alternative prior
uses the results Bozek et al. (2014), which constrains
ma > 10−23 eV at more than 8σ significance using
Hubble Ultra-Deep-Field (HUDF). While this is a very
strong bound, it relies on more assumptions about the

c⃝ 2014 RAS, MNRAS 000, 1–17

CMB mass prior: Hlozek et al (2014)!

ma & 10�25 eV
HUDF mass prior: Bozek et al (2014)!

ma & 10�23 eV

Log-flat uninformative.!
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A “Catch 22” for axions?!



A “Catch 22” for axions?!

Axion dark matter, solitons, and the cusp-core problem 9

Parameter Prior

log10(ma/eV) U(X,−19)

log10 δ
F,S
s U(0, 10)

log10 ϵ
F,S U(−5, log10 0.5)

log10(r
F,S
s /kpc) U(−1, 2)

Table 2. Priors on our density profile parameters, where
U(a, b) is the uniform distribution on [a, b]. The lower bound
on the mass prior, X is given two different values: XCMB =
−25 (Hlozek et al. 2014) and XHUDF = −23 (Bozek et al.
2014), referred to as CMB and HUDF priors respectively.

Parameter Posterior

(ma/eV)HUDF < 1.1× 10−22 (95% C.L.)
(ma/eV)CMB < 1.0× 10−22 (95% C.L.)

log10 δ
F
s 5.55+0.06

−0.08
log10 δ

S
s 6.19± 0.05

Table 3. Posteriors on the constrained density profile pa-
rameters. The mass constraint is quoted for both the CMB
and HUDF priors (see Table 2). Upper and lower errors on
the central densities are given as the 16th and 84th per-
centiles and are quoted for the HUDF prior only (see text
for discussion). The upper bound on the axion mass reflects
the minimum core size consistent with observations.

4.2 Fitting to Fornax and Sculptor

While there are several ways of analysing the observed
data, we will focus on the method used by WP11 who
measured the slopes of dSph mass profiles directly from
stellar spectroscopic data. They use the fact that some
dSphs have been shown to have at least two stellar pop-
ulations that are chemo-dynamically distinct (see e.g.
Tolstoy et al. 2004; Battaglia et al. 2006; Battaglia et al.
2011). Measuring the halflight radii and velocity disper-
sions of two such populations in a dSph allows one to
infer the slope of the mass profile. The method of WP11
has the advantage that it does not need to adopt any
dark matter halo model a priori. Therefore the data can
be used to test theoretical density profile models with-
out having to run computationally expensive fits to the
full stellar data for each value of the theoretical param-
eters.

We model the results of WP11 as providing two-
dimensional Gaussian distributions for the half light
radii, rh,i, and velocity dispersions, σ(rh,i), for each of
the two stellar populations, i, in Fornax and Sculptor.
While the exact results display some covariance between
σ and rh the Gaussian approximation is far simpler to
analyse, and accurate enough for the purposes of this
study. This follows the approach taken by Lombriser &
Peñarrubia (2014) for testing chameleon gravity using
dSphs. The data we use are given in Table 1.

For our density profile the mass internal to any ra-
dius, M(< r), can be computed analytically (and so can
the derivative of the mass, dM/dr). These are the only
ingredients necessary in anlaysing this simplified version
of the stellar kinematic data. The velocity dispersion at
the stellar half-light radius obeys the following empirical

relationship:

σ2(rh) =
2GM(< rh)

5rh
. (40)

This relationship is related to the virial theorem, and is
found by solving the Jeans equation and finding a ‘sweet
spot’ where a wide variety of density and velocity pro-
files agree (including projection and anisotropy effects).
In this work we do not perform a full Jeans analysis
and use only this analytic relationship and the derived
errors on it, following WP11.

The two-dimensional nature of the (r,σ) data can
be accounted for using an effective one-dimensional er-
ror (e.g. Ma et al. 2013). If the data has central values
(x̄, ȳ) and standard deviations (Σx,Σy) then for a given
model y = f(x) the effective one-dimensional error is
given by:

Σ2
eff = Σ2

y +

(
df(x̄)
dx

)2

Σ2
x . (41)

The likelihood, L, can then be approximated as

L ∝ exp

[
−(f(x̄)− ȳ)2

2Σ2
eff

]
. (42)

We use the data for Fornax and Sculptor with equal
weight in the combined likelihood. The axion mass, ma,
is a global parameter which is the same for both Fornax
and Sculptor. Our final model thus has seven parameters
in total:

{ma, δ
F
s , δ

S
s , r

F
s , r

S
s , ϵ

S, ϵF} , (43)

with F, S, labelling Fornax and Sculptor respectively.
The priors on these parameters are given in Table 2.

We take Jeffreys’, or ‘least information’, priors in a fixed
range for all parameters. We will discuss our results
in detail shortly, but mention here those aspects rele-
vant to priors. We find that the NFW parameters (ϵ, rs)
are unconstrained. The priors on these parameters are
therefore irrelevant in quoting marginalised constraints
on other parameters and we take them extremely wide
to explore all possibilities. We impose an upper bound
on the ϵ prior of ϵ = 0.5, so that the match must oc-
cur outside the half-density radius, consistent with the
simulation results of Schive et al. (2014a). The central
densities are well constrained and so the results are in-
dependent of the prior.

We find a one-sided constraint on the axion mass,
and so the percentiles quoted depend on the prior for
the lower bound. We take two such priors. The first uses
the results of Hlozek et al. (2014), which place an ap-
proximate lower bound on ULAs to be all of the DM
of ma > 10−25 eV. This is a very conservative lower
bound and relies only on linear constraints from the
CMB. It is thus extremely reliable. Our alternative prior
uses the results Bozek et al. (2014), which constrains
ma > 10−23 eV at more than 8σ significance using
Hubble Ultra-Deep-Field (HUDF). While this is a very
strong bound, it relies on more assumptions about the
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What about Warm DM?!
Cores in warm dark matter haloes 7

Figure 7. Comparison between core size in simulations (open
symbols) and the theoretical expectation for a M = 1012M⊙

halo (solid line). The dashed line is the gravitational softening of
our simulations. All points below this line should be considered
as upper limits on the core size.

profile fall below the simulation softening (the dashed black
line in the figure).

Using our determination of the core size as a function
of the warm dark matter mass we compute the expected
value of rcore for the typical halo mass (5 × 108M⊙, see
Macciò et al. (2010)) of dwarf galaxies orbiting the Milky-
Way. Results are shown in Fig. 8: the grey shaded area takes
into account possible different values of the local matter den-
sity in the range ρ/ρcr = 0.15 − 0.6.

From the figure it is clear that a core of ≈ 1 kpc would
require a wdm mass of the order of 0.1 keV, well below
current observational limits from large scales.

If we assume a warm dark matter particle mass of mν ∼
2 keV (represented by the dashed vertical line), in agreement
with several astrophysical constraints (e.g. Viel et al. 2008),
the maximum core size we can expect ranges from 10 pc
for a massive, MW-like halo (see also figure 7), to 10-40
pc for a dwarf galaxy like halo. Finally, in predicting the
core size for satellite galaxies in the MW halo, it must be
taken into account that due to stripping and tidal forces
satellites can lose significant mass after accreting into larger
haloes (e.g. Penarrubia et al. 2008; Macciò et al. 2010). This
implies that the halo mass we may infer today for those
galaxies is only a lower limit on the mass they had before
accretion, which is the one to be used (as σ2

halo) in Eq. 9.

4 CONCLUSIONS

We have used high resolution N-body simulations to exam-
ine the effects of free streaming velocities on halo internal
structure in warm dark matter models. We find:

Figure 8. Expected core size for the typical dark matter mass
of Milky Way satellites as a function of the WDM mass mν . The
shaded area takes into account possible different values of the
local density parameter 0.15 < Ωm < 0.6. The vertical dashed
line shows the current limits on the WDM mass from large scale
structure observations.

• The finite initial fine grained Phase Space Density
(PSD) is also a maximum of the pseudo PSD, resulting in
PSD profiles of WDM haloes that are similar to CDM haloes
in the outer regions, however they flatten towards a constant
value in the inner regions. This is in agreement with pre-
vious studies based on simulations (Coĺın et al. 2008) and
theoretical arguments Villaescusa-Navarro & Dalal (2011).

• The finite PSD limit results in a constant density core
with characteristic size that is in agreement with theoretical
expectations i.e. following Tremaine & Gunn 1979, especially
if value of the local matter density is taken into account.

• The core size we expect for thermal candidates allowed
by independent constraints on large scales (Lyman-α and
lensing, mν ≈ 1− 2 keV), is of the order of 10-50 pc. This is
not sufficient to explain the observed cores in dwarf galax-
ies that are around kpc scale (Walker & Penarrubia 2011;
Amorisco & Evans 2012; Jardel & Gebhard 2012).

• Our results show that a core around kpc scale in
dwarf galaxies, would require a thermal candidate with a
mass below 0.1 keV, ruled out by all large scale structure
constraints (Seljak et al. 2006; Miranda & Macciò 2007;
Viel et al. 2008). Moreover with such a warm candidate, the
exponential cut-off of the Power Spectrum would make im-
possible to obtain these dwarf galaxies in the first place (e.g.
Macciò & Fontanot 2010).

• All together these results lead to a nice “Catch 22”
problem for warm dark matter: If you want a large core you

won’t get the galaxy, if you get the galaxy it won’t have a

large core.

We conclude that the solution of the cusp/core prob-
lem in local group galaxies cannot completely reside in

mW ⇠
p

maMpl

WDM cores are much more compact: really is a Catch 22.!
(definitions & methods differ: systematic comparison necessary)!

Fig: Maccio et al (2012)!

DJEM & Silk (2013)!
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sponsible for the density cores observed in dSph galax-
ies, with soliton density profiles in the inner regions,
and an outer NFW profile. We investigated the valid-
ity of this claim by performing an MCMC analysis of
the simplified stellar kinematic data of WP11 (Walker
& Peñarrubia 2011) for Fornax and Sculptor. This data
shows a preference for cores over cusps, but other stud-
ies prefer cusps (e.g. Breddels & Helmi 2013; Richardson
& Fairbairn 2014). The preference of the WP11 data for
large cores shows up as an upper bound on the axion
DM mass of ma < 1.1× 10−22 eV at 95% C.L., leaving
the NFW parameters unconstrained and marginalised
over. The axion mass bound applies only if the dSph
cores are solitonic, and not if they are caused by bary-
onic effects for standard CDM (be it composed of heav-
ier axions, WIMPs etc.). This bound is consistent with
the best fit mass ma = 8.1+1.6

−1.7 × 10−23 eV of Schive
et al. (2014a) found by solving a simplified version of the
full Jeans equations for a single stellar sub-component
in Fornax alone. Schive et al. (2014a) also checked the
(rough) consistency of their results with density profile
slope measurements, but our analysis is the first to use
these data together in a complete and Bayesian manner.
In future we hope to conduct a full Jeans analysis for our
model, following the similar analysis for self-interacting
scalar field DM by Diez-Tejedor et al. (20014).

The existence of an upper bound on the DM par-
ticle mass in the axion model has a number of interest-
ing consequences. Structure formation in this model is
substantially different from CDM due to the cut-off in
the power spectrum on small scales caused by the ax-
ion sound speed and resulting Jeans scale. Bozek et al.
(2014) found that, if the DM is composed entirely of
ultra-light axions, ma = 10−22 eV is just consistent
with HUDF. Our upper bound is right on the edge of
this limit, and suggests two possible outcomes warrant-
ing further study:

• Pessimistic: Structure formation and the require-
ment of dSph cores put conflicting demands on axion
DM. This places the model in a ‘Catch 22’ analogous
to WDM.6 This particle physics model is no longer a
catch-all solution to the small-scale crises, and addi-
tional mechanisms are required for its consistency.

• Optimistic: Ultra-light axions are responsible for
dSph cores. The cut-off in the power spectrum is just
outside current observational reach. Near-future experi-
ments will turn up striking evidence for axions in struc-
ture formation and in study of the high-z universe.

In the pessimistic case, axions have nothing to do
with core formation in dSph galaxies, and another mech-
anism is needed to form the cores. The DM can still
be composed of axions, but there is now no limit on
the mass based on the dSph observations. Cores may
be formed by baryonic processes, putting axion DM

6 Phrase coined by Macciò et al. (2012). For ULAs, one
might call it a Catch 10−22.

in the same situation as any other DM model, e.g.
WIMPs. Cores could also be formed by adding strong
self-interactions for CDM or for axions. One could also
modify gravity, for example if the modulus partner of
the axion played the role of a chameleon field (Khoury &
Weltman 2004; Lombriser & Peñarrubia 2014). Another
alternative would be to keep cores from axion solitons,
but compensate structure formation by a boost in the
primordial power or some other alteration to cosmology.
A compensation based on a mixed DM model, however,
is unlikely to succeed (Marsh & Silk 2013).

There are still opportunities to discover evidence
for axion DM in the pessimistic case. We briefly out-
line some of these for the ‘most pessimistic’ case (from
a particle physics view point) that cores are formed en-
tirely by baryonic processes, and consider only searches
influenced in some way by the Jeans scale or soli-
tons, i.e. by non-trivial gravitational behaviour. For
10−22 eV ! ma ! 10−20 eV axions are consistent with
current constraints from cosmology, but the cut off in
the power spectrum may still be observable using mea-
surements of the weak lensing or 21cm power spec-
tra. Axions can further be evidenced by their effect
on black holes via the superradiant instability (Arvan-
itaki & Dubovsky 2011). Spinning super-massive black
holes indirectly probe/constrain masses in the range
10−19 eV ! ma ! 10−18 eV (Pani et al. 2012; Brito
et al. 2014). More direct signatures in gravitational wave
detection may come from solar mass black holes for ax-
ions in the range 10−13 eV ! ma ! 10−10 eV (Arvani-
taki et al. 2014).

Axion DM of any mass will contain solitons some-
where in the mass spectrum at some point in cosmic
history. This could have a number of consequences rel-
evant to both the optimistic and pessimistic scenarios
outlined above. This model predicts small and dense
cores in all DM halos, with core size inversely related
to central density and halo mass (Eq. 29, and Schive
et al. 2014b). Such cores may provide seeds for high-z
quasars (Schive et al. 2014b). The granular nature of
DM composed of solitons could be detected by mea-
sures of substructure (which we discuss further below).
DM composed entirely of solitons/oscillons/boson stars
may have a number of interesting features for gravita-
tional wave observations, as discussed in, e.g. Evslin &
Gudnason (2012); Macedo et al. (2013), that distinguish
soliton DM from an equivalent model with black holes,
due to the absence of a horizon. The soliton content of
an axion DM halo will also impact the direct detection
prospects (Hoskins et al. 2011), while the evaporation
of solitons from axion self interactions enhanced by the
high number densities could have indirect signatures.
Other signatures of the soliton components of an ax-
ion halo, e.g. in precision time-delay experiments with
atomic clocks, may be similar to those with topological
defect DM (Pospelov et al 2013; Derevianko & Pospelov
2014; Stadnik & Flambaum 2014).

There are also ‘intermediate’ cases to consider.
ULAs with ma ! 10−23 eV could be detected as a
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Possible outcomes!



Reionization predictions!

Credit: NASA/ESA from caltech.edu!

Low optical depth à consistent with Planck!
⌧re ⇠ 0.05

zre ⇠ 7 �zre ⇠ 1.5
Late and rapid reionization à measure with kSZ or 21cm!

Bozek et al (2014)!

e.g. Calabrese et al (2014)!
Mesinger et al (2014)!
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