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Introduction: Why torsion?

Einstein (1915): General Relativity

@ Torsion-free condition: 7,*, =T,*, —I',*, = 2T',*,; =0
@ Local Lorentz Symmetry and diffeomorphisms.
@ One gravitation dynamical field: the metric.

@ Second order equations of motion for the metric.

Cartan (1922): First order formalism

@ The torsion-free condition is relaxed: 7,*, # 0.
@ Equivalence with GR when torsion vanishes.
@ Two gravitation dynamical fields: metric and torsion.

@ First order equations of motion for the fields.
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Introduction: Why torsion?

Natural generalization of GR.

It is consistent with the vacuum tests of GR.

Torsion appears naturally in:
o Gauge theories of gravitation,
e String theory,
e Supergravity, etc.

The introduction of fermions is straightforward.

Allows the solution of the strong CP problem.
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Notation and conventions

o Vielbein: g,, = 1ap € e} with ng, = diag (—,+,...,+).
o V®=r¢l V¥ and V# = E}V®, where ¢} B}’ = 0} and e’ E = 0y
@ Wedge Product (o denotes the permutation of the indices)

dzt A A dotr = Z(_l)loldxa(m) ®R...® dl,a(#p)’ (1)

o p-forms are defined (e® = e, dz")
1 dai dotv — 1 a ap 2
azﬁam_.up YA LA dx —Haaln_%e A...ANe  (2)
@ D-dimensional Hodge dual

1
*(e‘“ VANAN e“") = W €a1"'apap+1-~a1:> et AL ANe, (3)
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Notation and conventions

@ Covariant derivative of a Lorentz tensor (d = e®d,)
DA% =dA% +w* NA —w, AN A°, s (4)

@ Cartan structure equations

1
de +wl . Ne‘=T"= 57'manem/\e"7 (5)
1
dw® + W Aw? =R? = 5 R, . e™ Ae". (6)

@ Decomposition of the Lorentz connection w® = & (e) + I, where
de’ + & AneP=De* =0 and T*=K% Ae’. (7)
@ Bianchi identities

DT*=R%%Ae’ and DR =0 (8)
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Actions in physics
@ Scalar field
1 1 D m
S¢:_§/d¢/\*d¢:—§/d ze0mp 0™

Dirac field

Sw:—%/(qﬁ'y/\*Dw—&—h.c.) :—%/deeEf; (7" Dyt + hc.)

Yang-Mills

1
SYM:_/Tr[F/\*F]:—Z/deEeF[:‘uFAW

@ Einstein-Cartan

1 a b 1 D
Sgr:ﬁ/Rab/\*(e /\e):ﬁ deR
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Einstein-Cartan Theory

@ Metricity condition, i.e. V,g,, = 0.

@ The connection F;/\u = {HA,,} + IC,/‘,, includes an additional piece,
called contorsion, which encodes the torsional information through

’Cu v = (T A 774/\ + T)\Vu) : (9)

DN | =

@ Metric and contorsion are independent fields.

o Einstein-Cartan action
Sg,zﬁ/nabm(emeb):#/d%en, (10)
where we have defined e = det e} and R = E} E)R,, with
R = 20,0, + 2w *cwi (11)

and w, %, = e} (QLE,? +T,A, E’l‘;)
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Einstein-Cartan Theory in vacuum

@ The D-dimensional Einstein-Cartan theory in vacuum is described by the
action

1
S:T@/Rab/\*(ea/\eb). (12)

The equations of motion within Cartan’s formalism

1
oe® Rab — 57]@1,7?, = 0, (13)
Sw® o TP, — 2T(a0p = 0. (14)

The solution to the algebraic Eq. (14) is Tape = 0. Thus, w® = &(e)
and the Eq. (13) reduces to the usual Einstein’s equations in vacuum.
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Einstein-Cartan Theory coupled with fermions

@ D-dimensional action!
1 1 - -
S:ﬁ/Rab/\*(ea/\eb)+§/(¢7A*D1/J—D’§[J/\*’yw) (15)

where k2 ~ ﬁlﬂfn, ~ = v.e% 1 = —1pT40 and the covariant derivative?

Dy = i + 0 (16)

@ Decomposing the Lorentz connection w® = & (e) + K, we obtain an
equivalent action (up-to-a boundary term)

1 . 1 - o o —
5= o7 [ Ranns(ene) = 3 [ (i neDo— DI )

1 1 -
+ﬁ/’cam/\’cmb/\*(ea/\eb) _g/KabA*¢{7a7ab}¢ (17)

1 [ .
D = 4 4+ n and the sum over the fermionic flavour is assumed.

Yay...ap = Vay - Vap]-
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Einstein-Cartan Theory coupled with fermions

Equations of motion within the Cartan’s formalism

1
oe” : Rap— inabR = K2 Tap (18)
K2 -
(Swab ° 7—abc - 27?@(52] = _?* 1/Wabc¢ (19)
_ a 1
S v D+ Z/cabcvabcw =0 (20)

Solving the algebraic Eq. (19) we obtain

/432 -
Kabe = 71* Z/}’Yabcwy (21)

for the contorsion tensor. Replacing it back into the initial action, leads to the
D-dimensional effective theory

2 _ _
S =S¢+ 5y + % / dPz eVYabct) ¢7abc7/}- (22)
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Einstein-Cartan Theory coupled with fermions

@ In the D = 4 case, we have the identity

7v/;'-)/abcw = 1€abcd l/;’)/d%i/) 5 (23)

where v5 = 1Y0y1Y27¥3. Defining J¢ = 117950 and Js = JSe,, the
torsion-induced four-fermion interaction in 4-dimensions is

o o 32
S:Sgr—i_Sw_TG J5/\*J5 (24)

Since k2 ~ 10736 GeV~? in 4-dimensions, the torsion-induced
four-fermion interaction is highly suppressed in such scenario.
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Gauge invariance

@ An invariant SU(N) gauge theory is obtained from the transformations
Y= e @Tay and Dy — e @Dy, (25)

where T4 are the generators of the SU(N) Lie group.® The fermionic
covariant derivative includes gauge fields B = TAB;? dz* as

Dy =+ (w0t +1gBY =Dy +ogBi. (%)

The transformation of the covariant derivative in Eq. (25) is guaranteed
if the gauge field transforms as an SU(N) connection

1
Bl — B — fun® 0™ B — EaueA : (27)

3They satisfy the Lie algebra [Ty, Tg] = zfABC Te.
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Strong CP problem

@ Addition of the #-term to the QCD Lagrangian

zQCDDfa% Tr (G A G) (28)
Y5

Strong CP problem

Limits on the neutron’s electric dipole moment — 6 < 10~ 1°

Peccei and Quinn solution (1977)

Extra U(1)4 symmetry, spontaneously broken at ~ Agy.
@ Axion coupled to Pontryagin density, i.e. ~ ¢(z) Tr [G A G].
@ Promote 6 — 6(z) ~ 0 + ¢(z)/fs with () = —f40.

@ Perturbations around (¢) gives a CP-even a(z) Tr [G A G].
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Axions in gravity with torsion

@ Motivation: QFT in background geometry

@ SU(N) x U(1) gauge invariant action coupled with fermions

| L .
S:%/Rab/\*(e“/\eb)+§/(1/J7A*D1/)—D¢/\*’ﬂ/1)

—%/F/\*F—/Tr[G/\*G}— 93—;/Tr[GA Gl (29)

© Duncan et.al: Nucl. Phys.B387,215 (1992)

o Impose the classical conservation d x S = 0, where x8 = e® A T,
at quantum level through

Z= /H'D@DS ezS[stl/Dqﬁ o f s, (30)
7
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Axions in gravity with torsion

o Mielke and Sanchez: Phys.Rev.D73,043521 (2006)

o Argue the appearance of dS A dS in the axial anomaly.
e Modified axial-current by the addition of Chern-Simons-type terms

dem QQ
™

Ny
Crr+ 2 2 qC +8—2(CRR+8AdS)

e The conservation of the modified axial-current occurs when & ~ dg,
where ¢ is a pseudo-scalar potential.

@ Mercuri: Phys.Rev.Lett.103,081302 (2009)

o Divergent Nieh-Yan term in the U(1)4 rotated fermionic measure.
o Add to the action (29) the topological Nieh-Yan density, i.e.

*:’5 =xJ5+

4

S%S+ﬂ/(7’“/\7'af72ab/\ea/\eb):SJrﬂ/d(e“/\Ta).

o Promote the BI parameter to be a field, i.e. 5 — B(z) and absorb
the divergence by means of renormalized §(z).

4Chandia & Zanelli Phys.Rev.D55,7580 (1997).
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Axions in gravity with torsion

@ Integrating out the torsion in either of these approaches leads to®
1

1 1
Seft = So + Sy — /J5/\*J5**/dq)/\*dq)+*/(pd*]5.
2fq> 2 f<I>

@ Either approach gives a vanishing Nieh-Yan density.

@ Replacing the axial anomaly

02 N Ny zab
Ge QFAF—%Tr[GAG}——ggRbARab, (31)
Y3

s s

d*J5=—

gives the explicit form of the effective theory®

om @2 1
Sep = So — 21 /Js/\*J5—a Q/(I)F/\F—f/d@/\*dtb
fq> Tfe 2

1 Nf 3 Qg N
_W/(@Jrﬁp )R ARy — 2ﬁ/(e+ﬁb )Tr[G/\G].

5We have defined So — Sgr + 8y + Sgi, fo = w14 /8/3 and ® = 4/3f; 19, where ¥ = 8, 6.
6Nf: number of fermionic flavors, Ng: number of quarks and Q2 = Zf Qj%
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Axions in gravity with torsion

Parameters
| Mp; ~10'8[GeV] | M, ~ 10*[GeV] | M, ~ 102 [GeV]
fo [GeV] 108 10* 102
my, [keV] 10-1% 1071 10
Tosyry [keV] 10-101 10-32 10-19

@ Torsion-descended axions as the dominant dark matter content”

r<1.6x107Y.

7MA Lattanzi & S. Mercuri Phys.Rev.D81,125015.
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Conclusions and outlook

o Einstein-Cartan + fermions — four-fermion interaction.
@ Suitable modifications to such a theory solves the strong CP problem.

@ Rather different motivations for the torsion-descended axions leads to
the same effective theory.

@ The axionic phenomenology is characterized only by the gravitational
scale.

@ Torsion-descended axions might be dark matter candidates.

@ Study their role in extra-dimensional scenarios.

@ Include them in more general theories of gravitation.
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Thank you!
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