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o To represent (explain) the internal spaces of fermions and
bosons usually the groups are used.

o The internal space of fermions is in this case described by
the fundamental representations of the groups,

o the internal space of bosons is correspondingly described
by the adjoint representations of the groups.

In theories assuming more than the observed d = (3 + 1),
thatis d > (3+1),

with one time and d — 1 space dimensions, (and the Lorentz
symmetry in all dimensions),

fermions carry two kinds of half integer spins in d = (3 + 1),
(:i:é,:t%), and also half integer spins, :I:%, in all other
dimensions,

bosons carry two kinds of integer spins in d = (3+ 1),
(£i,0),(£1,0) and also integer spins, (£1,0) also in all other
dimensions.



o Can the internal spaces of fermions and bosons be treated
in an equivalent way as the ordinary space?

o Can we replace the group theories in the way so that we
do not need to invent groups for each observed properties of
fermions and bosons?: In the way as the ordinary space is
automatically enlarged with d,

o having in mind that the large enough orthogonal group
includes all the other groups?

Something like that string theories do.



o Why do we need to understand internal spaces of fermions
and bosons?

> o Do we understand internal spaces of fermions and
bosons in an unique way?

» o Do we understand why fermions appear in families
while bosons do not?

» o Do we understand the postulates of the second
quantized fields; why fermion fields anti-commute while
boson fields commute?

» Do we understand why fermions and bosons interact?

» Can we understand our cosmos if we do not understand
the appearance of fermions and bosons?

And many other questions



> o In a long series of works the author, together with
collaborators, has found the phenomenological success
with the model named the spin-charge-family theory with
the properties: The creation and annihilation operators
for fermions and bosons fields are described as tensor
products of the Clifford odd (for fermions) and the
Clifford even (for bosons) “basis vectors” and basis in
ordinary space, explaining the second quantization
postulates.

» o The theory offers the explanation for the observed
properties of fermion and bosons and for several
cosmological observations.

» o The number of creation and annihilation operators for
fermions and bosons is the same, manifesting
correspondingly a kind of supersymmetry.



» o This workshop should present the properties of the
creation and annihilation operators if extending the point
fermions and bosons into strings, expecting that this
theory offers the low energy limit for the string theory.

> o We are making the first steps in this study: We try to
reproduce the internal wave functions for the boson
fields, represented in the “string theories” with the
tensor products of the left and right movers, with the
algebraic products of the Clifford odd “basis vectors”
and their Hermitian conjugated partners.



> o Let us start with a brief introduction into the
description of the internal spaces of fermions and bosons
with the Clifford odd and even algebra, respectively,
starting with the Grassmann algebra.



o Let us notice properties of the Grassmann algebra first.

» In Grassmann d-dimensional space there are d
anti-commuting (operators) 62, and d anti-commuting
operators which are derivatives with respect to 62, 8%3'

g 0
07,0}, =0 — =}, =0
{ ? }+ ? {8937 agb}‘f' b
0
{93’7}4* = 6ab? (aa b):(0713273757"' ad)
a0,
02’s and pY’s, p? = d(i{))a
have the property
(091 =0 5g; .
with 7?? = diag{1,-1,-1,--- , -1}

Grassmann algebra is offering together 2 - 29 operators.

J. of Math. Phys. 34 (1993) 3731



» o There are two kinds of the Clifford algebra objects, ~°
and 59, in any d, expressible with 6, and 8%[).

a _ a 9 ~a _ :(pa _ 9
’Y - (0 + 803)’ Fy - 1(9 aea)ﬂ
a _ 1 a_ :~a 9 _1 a | :~a

a

offering together 2 - 2¢ operators: 29 are superposition of
products of 4 and 29 of 52

» The two kinds of the Clifford algebra objects
anti-commute in the sense

{,Ya’,yb}+ = 2nab:{;;/'/a’;?b}+’
{’Yaa:\}h}Jr = 0,

Progress in Particle and Nuclear Physics, http://doi.org/
10.1016.j.ppnp.2021.103890



» o Grassmann algebra is describing the anti-commuting
fermion fields with integer spins and commuting boson
fields with integer spins.

» o There are no anti-commuting fermion fields with
integer spins observed so far.
And there are one kind of anti-commuting fermion fields
with half integer spins and commuting boson fields with
integer spins observed so far.

» o the postulate

("B = i(—)"B~*) [t >,
(B = ao+a,"+awy™ P+ + amay™ ) 1ho >

with (=)™ = +1,—1, if B has a Clifford even or odd
character, respectively, 1), > is a vacuum state on which the
operators 2 apply, reduces the Clifford space for fermions
and bosons for the factor of two, while the operators

5a5b — _2i52b define the family quantum numbers.



o We have in each even-dimensional space

» 251 members, m, in each of 251 families, f, the
Clifford odd “basis vectors” B,TT and the same number,
25 1x 25_1, of their Hermitian conjugated partners,
(B}"T)T, offering description of internal space of fermions,.

> We have the same number, twice 251 ><2g*1, of two
kinds of the Clifford even “basis vectors”, ’ATT and
”ATT, having their Hermitian conjugated partners within
the same group, offering the description of the internal
space of bosons.

To show this let us first “build” the building blocks:
nilpotents and projectors, the eigenvectors of the Cartan
subalgebra of the Lorentz algebra , so that the internal
spaces of fermions and bosons will be algebraic products of
nilpotents and projectors.



»> o It is convenient to write all the " basis vectors” describing
the internal space of either fermion fields or boson fields
as products of nilpotents and projectors, which are
eigenvectors of the chosen Cartan subalgebra

503 512 556 Sdfld
5”*03’ 512’ 5567 . ’gdfl d ,
Sab — Sab + gab.

nilpotents
1 naa k1 naa ab 1 ,qaa
ab~(.a b — 2 (A2 b k) := = (~? b
S50+ 207 5572 (k) =507+ 1),
projectors
SOOI Iy = KDt = St )
2 k 22 k ’ 2 k ’
ab
(k) =0, ([k])2 =[k],
ab]L ab abT ab

(k) = 7™ (=k), [k =K.



It is easy to find the relations

ab ab k ab ab ab k ab
s (k) = o(k), S®[k=7[K,
. ab k ab . ab ab
S*(k) = 5 k), S?[k] = —frack2[k] .
ab ab ab ab ab ab ab ab
(k) = 77 k] b (k) = —ik[—k], 7[k] = (—k), ¥ [k]— —ikn*(—k),
. ab % ab ab . ab ab ~ ab
7 (k) = *ma"’[k] 7° (k) = —k[k], 7?[k] = i(k), "[k] —kn*(k),
ab ab ab ab ab ab ab ab ab
(K)(=k) = 0%k, [k](k)=(k), (k)[-k]=(k),
ab ab ab ab ab ab
(K)[k] = 0,[k](-k) =0, [k][-k] =0,
/9\13/ ab ab f\tl ab ab ja\tl ab ab ,f\b/ ab ab
(=k)(k) = —in[k], [k](k)=(k), (k)[k] =i(k), [—k][k]=[Kk],
ab . ab ap ab 5y ab 4

(k)(k) = 0, [Kk|(k)=0, (k)[-k]=0, [k]k]=0



ab ab ab
+? transforms (k) into [—k]|, never to [].

N ab ab ab
~? transforms (k) into [k], never to [—kK].

There are the Clifford odd " basis vectors”, that is the
" basis vectors” with an odd number of nilpotents, at
least one, the rest are projectors, such “basis vectors”
anti-commute among themselves.

There are the Clifford even " basis vectors”, that is the
" basis vectors” with an even number of nilpotents, the
rest are projectors, such ”basis vectors” commute
among themselves.



o A. Let us start with the Clifford odd “basis vectors”.

» Let us see how does one family of the Clifford odd “basis
vectors” in d = (13+ 1) look like, if spins in d = (13 +1)
are analysed with respect to the standard model groups.

» One irreducible representation of one family contains
B R 64 members which include all the family

members, quarks and leptons with the right handed
neutrinos included, as well as all the anti-members,
antiquarks and antileptons, reachable by either 5?° (or
by Cnr Py on a family member).

» S generate all the members of one family.
52b generate all the families.

Jour. of High Energy Phys. 04 (2014) 165

J. of Math. Phys. 34, 3731 (1993),

Int. J. of Modern Phys. A 9, 1731 (1994),

J. of Math. Phys. 44 4817 (2003), hep-th/030322.



o The eightplet (represent. of SO(7,1)) of quarks of a
particular colour charge are presented. Theyare Clifford odd
" basis vectors” , the eigenvectors of all the Cartan

subalgebra members. (733 =1/2, 7% =1/(2V/3) and 7* = 1/6)

Lil T %i > [CY [s2 [ 212 v[-*]

I I I

56 78 9 1011 1213 14

c1 03 12 1
1 (+l)(+) (+)( )H(+)( ) (=) 1 2 L 0

9 1011 1213 14 % % %

2 | g [ r][ 1\(+)(+)|\(+)( o O | IO S IR 2|1
1 11213 14 1 1 1 1

3 | dg (+:)(+>|[ 1[ Nl I P
1 78 91011 1213 14 1 1 1 1

4| daf [-][H[][]HH)()() 1 | -1l o [ -1l -1t
1 9 1011 1213 14 1 1 1 1

5 | df [—:](+m ](+>|\(+)( X M| I S A | S et o A 1|1
c1 ] 011 1213 14 1 1 1 1

6 | at | Do IO N || 1 | -3l a | -3 o 1]
1 03 12 56 78 91011 1213 14 1 1 1 1

v |t ] OO m(+>( ) | 1 [ 32 la ]t ]o 1|1
1 91011 1213 14 1 1 1 1

s | ot || e OISO | f -3l a | 1] o '

'yu'y7 and 'yU'yB transform ug of the 1°t row into uy of the 7th 4rd 6 row

doing what the Higgs scalars and 'yo do in the standard model.

row, and dgr of the row into d| of the



0 5" generate all the members of one family with leptons

included. Here is The eightplet (represent. of SO(7,1)) of
leptons colour chargeless. The SO(7,1) part is identical with
the one of quarks.

Ll i > [V [sP [ [ [ v] Q]
L [ o H | | ]
of leptons
03 12 56 78 91011 1213 14
1] w (+')( ) (+)( )H( )[+] [+] 1 3 0 3 0 0
11213 14
2 | ¥R [ '][ ] \ ( )(+) Il (+) [+] [+ 1 -3 0 3 0 0
11213 14
3| er (+:)(+) | [ ][ ] Il ( )[+] [+] 1 3 0 -3 -1 ] -1
91011 1213 14
4 | er [ '][ ]\[ ][ ]H () ] ] 1 -3 0 -3 -1 ] -1
9 1011 1213 14 1 1 1
5| e [—'](+) \ [ ](+) Il (+) [+ [+] -1 2 -3 0 -3 | -1
11 1213 14
6 | e +)[ ]\[ ](+) H +) [+ [#] -1 -3 -3 0 -3 | -1
91011 1213 14 1 1 1
Tl [ .]( ) (+)[ ]H( ) 4] [+#] -1 2 2 0 -3 0
1011 1213 14
8 | v (+')[ ] \ ( )[ ] Il (+) [+ ] -1 —3 3 0 -3 0

"/0'\/7 and '\/O'yB transform vg of the 1%t line into v of the 7th line, and eg of the 47 Jine into e of the 6th line,
doing what the Higgs scalars and 'yo do in the standard model.



o 52> generate also all the anti-eightplet (repres. of SO(7,1))
of anti-quarks of the anti-colour charge belonging to the
same family of the Clifford odd basis vectors. Also eightplet
of anti leptons.

il 1 Lwi > [CY [P A [ v]
I v I I I
of antiquarks
-a 03 12 56 78 9 1011 1213 14 1 1 1 1
38 | df I L LT 0 1|3 1o | 4 1]t
= 11213 14
4 | df (+,)[ ]\(+)(+)H[ i (] 1 |31 o |} 1] -t
91011 1213 1
3 | [—:1( )\[ ][ 1\|[ L0 ) 1 | 4 1 | o | -3 -2]-t
_a 91011 1213 14 1 1 2 1
36 | (+-)[ m 1[ ]H[ SIGNG o U et | S N Mt | M 0 A
-3 11213 14
37 | d (+->( m+>[ m[ 1[+1 [+] 1 1l a [t o |l -2t
- 011 1213 14 1 1 1 1
38 | dg [—:u 1\<+)[ ]H[ T T LU Nt S S A S T |t 0 e+
_a 9 1011 1213 14 1 1 i 1
39 | g (+:)< )\[ ](+)H[ 1] [+ 1 P | M 0 |t 0
_a 91011 1213 14 1 1 1 1
40 | Gy Cac1 1 Cach 1 DT LU et | e 0 T et 0

'yu’y7 and 'yu'ya transform d of the 15t row into dg of the 5t row, and ay of the 4 row into uR of the 8t row



o
» The Hermitian conjugated partners of the Clifford odd

A ab N
“basis vectors” b, follow if all nilpotents (k) of b are

ab ab
transformed into 7°? (—k). Projectors [k] are selfadjoint.
» All the “basis vectors” within any family, as well as the
“basis vectors” among families, are orthogonal; that is,
their algebraic product is zero. The same is true within
their Hermitian conjugated partners.

BrTiab™ T = 0, BPsab® =0, Vm,m' f f.
bPsltoe > = 0.|thoc >,
BTt ilhoe > = |07 >,
(B B Y epioc > = 0. [thoc >,
(B B Yy b > = O.]tboce >,

(B, BT Yy [boe > = 6™ Sppftboc >,
291
oe > = > b b1 >,

f=1



o B. Let us discuss the properties of the Clifford even " basis
vector” .

» While the Clifford odd “basis vectors” must be products
of an odd number of nilpotents, at least one, the rest,
up to %, of projectors, the Clifford even “basis vectors”
must be products of an even number of nilpotents and
the rest, up to %, of projectors; Each nilpotent and each
projector is chosen to be the “eigenstate” of one of the
members of the Cartan subalgebra of the Lorentz
algebra,

Sab — gab + gab_

Correspondingly the “basis vectors” are the eigenstates
of all the members of the Cartan subalgebra of the
Lorentz algebra.



o Let us call the Clifford even “basis vectors” "A}"T, i=(1,1)
denotes two groups of Clifford even “basis vectors”, while m

and f determine membership of “basis vectors”

two groups, / or //.
>

03

AL =(H)(+)
| A2 03_ 12 56 d
AR =[S -

d—3d-2d-1d

03 12 56

AL =(H)(+)(+)

12

[-]

» Similarly for d = 4n
In both cases the Clifford even basis vectors can have
only even number of nilpotents: (0,2,...).

d
d-1d

[+]

(=)

~1d
[+]

in any of the

2(2n +1)
. 03 12 d—1d
"4 *(*')( ) [+
2t 12 56 d—1d
A —[+'][ 16) - [+1
rgp 03 12 56 d—3d—2 d-
"o =) ) - [F]



o There are 2%_1 X 2%_1 the glifford fven “basis vectors” of
the kind ’.A}"T and there are 2271 x 221 Clifford even “basis

vectors” of the kind ”ft}"T.
>

iA?ﬁ’

i Amt iam'y
A sa Ay _>{ or0,i=(1,11).

IA;NT*AIIATT _ 0:'%;’”*/\'.@?“.



o It remains to evaluate the algebraic application, x4, of the
Clifford even “basis vectors” "/ A7 on the Clifford odd

A /
“basis vectors” by f

>
AR AR P
>
B ' AT =0, V(m,m',F, ).
>
WATT x4 BT =0, V(m,m f,f),
>

~ ~ ! AmT
7 { S

Oor Z€ero ,

)



o Let be pointed out again that although there is the same
number of the Clifford odd and the Clifford even “basis
vectors” and their Hermitian conjugated partners, each have
2 x 2571 x 251 , yet they have completely different
properties:
> B,’;"T appear in families and have their Hermitian
conjugated partners 13,’(" in a separate group,
they anticommute, explaining the second quantization
postulates for fermions,
> "./Al;”T have no families, appear in two groups, have their
Hermitian conjugated partners within the same group,
they commute, explaining the second quantization
postulates for bosons.

Yet it is a small step from the Clifford even to the Clifford
odd objects: the algebraic multiplication of b}"T by +? or 4°

S A . oA /
transform b}"T or b to ’A',Z?T and vice versa.



Let us see that 7, applying on the Clifford odd BfmT ,
changes it to iﬁ;’f/T , and ~?, applying on the Clifford even
"fl??/T changes it to BTT , changing the number of nilpotents
for one, and similarly for ~2:

ab ab
» ~? transforms (k) into [—k],
ab ab

~? transforms (k| into (—k),

" ab ab
» ~2 transforms (k) into [k],
ab ab

2 transforms [k] into (k).



o Let us demonstrate the difference in the Clifford odd and
the Clifford even “basis vectors” in d = (5 + 1) case.
> In d = (5 + 1) there are 23~ members of Clifford odd
“basis vectors” appearing in 23-1 Clifford odd families.
» Clifford odd " basis vectors”, B;"T, have their Hermitian

conjugated partners, B,’c", in the separate group not
reachable either by 5?° or by 5?* . Due to

abJr ab abJr ab
(k) = ™ (=k),[k] =[k].

» Clifford even "basis vectors”, ’flrf"T, have their Hermitian

conjugated partners, ’le’", within the same group
reachable by 52 or by 5% .



basis vect. m f=1 f=2 f=3 f=4
§03’5”12H§56 — 5,7%77% 7%?7%,% 7%7%77% 57%7% 503 512 556
N 03 12 56 03 12 56 03 12 56 03 12 56 .
odd I b7 Tl EDHE | ) [+l(H)[+] (+N(H)H) i % %
2 | IO | ENEE | =D I ORIES NS :
3| [HIHIE) | (AT | (=) - | -1 ;|3
4 | (#F)E)NE) | )] [+[-1(-) (+)[-1-] s 121 -3
03 12 ¢56 ,L l 1 i1 1 i 11 _io_1 1 go3 g12 &56
STRERSTN ke | Fn | B2 | B et |00
odd 11 b’ 1| (=D | ) (=) (=N=)=) | -4 ﬁ ﬁ
2 | A | EDEE) | @D =-1-) 1 il 3
3| MG | EDHED | ) =) 3|3 :
4 | (=HE) | I H[=1(+) (=)-1=1 | -1 1 i
&03 &12 &56 Q11 i _1 1 i 1 _1 i ; 1 03 12 56
> ’S ’5 - 03 ,122756 33’ 122,526 (%37 122’562 03 172 526 ° ° s
even! AP | 1| [HI(H)() | (DI [+[+[+ (+)(+)+] i % %
2 | (=D | A | (=) | -3 | 3 :
3| (=D | =] (=DH(-) =) | -3 il 3
4 | D | GO | () (+)I=1(=) ;1 =11 -3
&03 &12 &56 i1 1 _ i _1 1 i 1 _ 1 _ i1 _1 03 12 56
° ° ° - 03211227 256 03 ‘122;6 20’3 122" 562 03‘27122’ 562 ° ° °
event AT | 1| [=A()(H) | (=) [+ (=N | 4 3 3
2 | D) | B | D -1+ 3| % H
3| (NI I (+1)+(=) [H(+)(-) 3 3|3
4 | =01 O] ] =) (=D)=l=) | == -1 ] =1




» o Clifford odd " basis vectors” describing the internal space
of fermions in the case of d = (5 + 1) are presented in the
table as odd / B;"T, having odd numbers of nilpotents,

» their Hermitian conjugated partners B,’Z’ appear in a
separate group presented in the same table as odd Il by'.
The two groups are not reachable by either S or by 5.

» Clifford even " basis vectors” describing the internal space
of bosons in the case of d = (5 + 1) are presented in the
table as even/, Il ””ﬁ}nT, having an even numbers of
nilpotents.

» Their Hermitian conjugated partner appear within the
same group of "basis vectors”, either | or Il,
demonstrating correspondingly the properties of the
internal space of the gauge fields with respect to the
fermion " basis vectors” .



» Clifford odd " basis vector” describing the internal space
56 78 910111213 14

of quark url, & bl = (1)[+] | [H(H) 1| () ] [,
has the Hermitian conjugated partner equal to
) 1y 13141112910 78 56 12 03 )
uipe (by")' = [=] [=1(=) I (:5)[+] [ [+](~i), both with
an odd number of nilpotents,
both are the Clifford odd objects, belonging to two
group.
12 56
» Quarks " basis vectors” contain blT —(+/)[+] | [+] from

d=(5+1).
» Clifford even " basis vectors”, having an even number of
nilpotents, describe the internal space of the

corresponding boson field
56 78 910111213 14

Lar =)@ 1O 11 L.
> it contains /A7 :(+i)(ﬁ) \ [36—3] from d=(5+1).



Repeating the anti-commutation relations for Clifford odd
" basis vectors”,
representing the internal space of fermion fields of
quarks and leptons (i = (ug’ Pt de f“, ,';Tﬁ, e,';T,})).
and anti-quarks and anti-leptons wnth the famlly quantum

number f.

{bF. b Yns [0 > = brpr 6™ [ >
{bP", b }ugs |0 > = 0t >,
(b7, b buat |0 > = 0:Juk >
b;n 110 > = 0-|tho >

mT |Oo > = |¢f

12 56 1314

o > = [—'][ =1 =111 >
define the vacuum state for quarks and leptons and
antiquarks and antileptons of the family f .

vVvyVvYyVvyy

[ arXiv:1802.05554v1], [arXiv:1802.05554v4], [arXiv:1902.10628]



* Let us come back to d=(5+1) case and to the properties
of the Clifford odd and the Clifford even " basiss vectors”
Let us first treat the properties of the " basis vectors” for
fermion fields in d = (5 + 1), then we shall treat properties of
the "basis vectors” for boson fields in d = (5 + 1), as well as
their mutual interaction.

The " basis vectors” for fermion fields in d = (5 + 1), appear
in four families, each family is identical with respect to
Sab — ﬁ'(vayb — ~vb~2), distinguishing only in
§ab = L(325P — 5P53).
The nilpotents and projectors are chosen to be eigenstates of the
Cartan subalgebra of the Lorentz algebra
ab k ab ab k ab
s () = (k) % k=K

A ab k ab =2 ab_ k ab
§0(k) = S(k), Sk =~k

2o 03, 12 56 03 12 56
ST (FNHH= =3[+ ()],
and the b,'("Jr are eigenvectors of all the Cartan subalgebra members.



” Basis vectors” for fermions

f [,;nf 503 12 556 3+ Nf N,3? 3 8 - 203 :
, G s sl o] 1 o] 1] o o=z il-
[3311( SET- [ I ey T T S R Y [
TRl [ IR QS R S R R i
EOIS | s - x| | -r | o] 3| 2| b i -
H e rrl I N Y S S B B R
GEnd | =5 | 2] 3| 1| o] -3 o -2 | b
S | =5 | ]| ] 8| o1 25| |-
Ea S | 4 - -] | —r | o | | b -
n TTNN Y  E  E o | 1| -5 -
S TE Ty I e N N N Y i e
(33:') [1+21 | [5—61 Y I =T T I ey
[+:]( )H ] R -1 | -1 0 1 e L] -
v GSES T o] o 2] ] o 2] o o| -1 |
[33:] [1—21 ! (iﬁ) Y Y =N T R I
H( )\[ 1 N N R Y R R iy o
eI I Y N Y




Let us demonstrate properties of the internal space of
fermions using the odd Clifford subalgebra in two ways:
a. Let us use the superposition of members of Cartan

subalgebra for the subgroup SO(3,1) x U(1): (N3 ,7)

1 .
Ni(= NGy g)) = 5(S2£i8%), 7 =5%,

what is meaningful if we understand 5% and S'? as spins of
fermions , S°° as their charge,

o b. for the subgroup SU(3) xU(1): (7',73,7%)

1 1
3. L c12_ .c03 8 _ _:c03 | cl2 _ 556
7= 2( S iS°°), T 2\/§( i5°°+S 25°°),
= —%(—i503+512+556),

if we treat the colour properties for fermions to learn from
this toy model as much as we can. The number of
commuting operators is three in both cases.



* a. We recognize twice 2 "basis vectors” with charge j:%, and
with spins up and down.

(112,1/2,1/2)

2]
556 (1/2,-1/2,-172)

(-112,-112,112)

o b. We recognize one colour triplet of ”basis vectors” with 7/
and one colour singlet with 7/ = —%.

8

(0,0,172)
(-172,1/2¥3,1/6)

Qurzarviye) 3
I T

(0,-143,1/6) O

o=



» o To see that the Clifford even " basis vectors” 'ft'fﬂ are
“the gauge” fields of the Clifford odd ” basis vectors”,
let us algebraically, x4, apply the Clifford even " basis
vectors” 'ﬁ'f";, m = (1,2,3,4) on the Clifford odd “basis
vectors” .

* Let the Clifford even " basis vectors”

’fl}n;, m = (1,2,3,4) be taken from the third column of
evenl, and 13;"::1”, is present as the first Clifford odd /

" basis vector” on the first and the second table.

» The algebraic application, x4, can easily be evaluated by
taking into account

ab ab ab ab ab ab ab ab ab
#(k)(=k) = 7n7[k], [k](k) = (k), (k)[-k]=(k),
ab ab ab ab ab ab

(k)[k] = 0,[k](~k) =0, [k][-k]=0,

for any m and f.



We obtain:

| 2
A(= [+f1 [1+21[T])*Aﬁ”(z(ff)[f][fl) — BT, selfadjoint
R(=(2 >( )[+1)*Ablwb“( EAOEHD),
B =D))<l - B3 (L))
A OO bt = 8= O

Looking at the eigenvalues of the BTT we see that 'ﬁgﬁ
obviously carry the integer eigenvalues of S%3, 512 S°,



Let us look at the eigenvalues of (73,78, 7') of b]"'.

bi' has (73,78, 7') = (0,0, -3),

bf* has (73, 7%,7') = (0, - 7. §),
3
bIT has (73,78,7') = (-3, ﬁ, 1),
Bl has (+2,7%,7') = (4,55, 1)
The eigenvalues of (73,78 /) of 'A}' are obviously
',{@T has (73,78, 7/) = (0,0,0),
LA has (73,75, 7) = (0. 45.3),
I‘/Zth has (7—3 7—877—/) = (7%7 ﬁa %),
IflgT has (73,78,7/) = (5 ﬁ7 ).

It can be concluded: S§??=5" 4 52b Using this recognition
we find the properties of the Clifford even " basis vectors”:



S03

56

f * f T T T
03 12 56
i ke [+i] (H)(+) 0 1 1 % % % *ﬁ ,%
03 12 56 i 1 . . 3
AL (=) [=1() —i 0 1 1] -1 1] -5 0
03‘ 12 56 i
| (=) [-) —i 1 0 1 0| —1 0 0
03 12 56
@) [+ =111 0 0 0 0 0 0 0 0
03 12 56
n . (+) [+ (+) i 0 1] -3 1 1 _ﬁ -2
03‘ 12 56 1 ) . 3
® | [=i(=)=#) 0| -1 1| -1 | -1 1] -2 0
03 12 56
@] [=i[+][=] 0 0 0 0 0 0 0 0
03. 12 56 i
| () (=) [=] i -1 0| —1 0 1 0 0
03_ 12 56
m O [+ [+ [+] 0 0 0 0 0 0 0 0
03 12 56 i L )
OO | (=) (=)[H] —i -1 0 0| -1 0 - 2
03 12 56
o I el B Al R e B e Al
5
- 1 1 1 1 2
*ox | [+H](=) (5) o -1 | -1 | %]} 1 7 2
03 12 56 N )
% oo} (+1) (+) [+] i 1 0 0 1 0 | -3
03' 12 56
@] [=1[=11+] 0 0 0 0 0 0 0 0
03_ 12 56 1 . L 5
® | [+ (=) 0 1] -1 i 1 ] 325 0
03 12 56
(+) [=1(=) i 0| -1 | -1 1 1 ﬁ 0

Selfadjoint members are denoted by (), Hermitian conjugated
partners are denoted by the same symbol.




o Fig. analyses ’/Al'f"T with respect to Cartan subalgebra members
(73,78, 7). There are
one sextet with 7/ = 0,
four singlets with (7> = 0,78 = 0,7/ = 0),
one “anti-triplet” with 7' = Z and one “triplet” with 7/ = —2.
NO FAMILIES!
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* We learned that the description of the internal spaces of
fermions and bosons with the Clifford algebra odd, for
fermions, and even, for bosons behave so that they offer:
a. families and all the observed charges of quarks and
leptons and anti-quarks and anti-leptons,

b. two kinds of the boson fields, the gauge fields of the
corresponding fermion fields, what looks very promising.

Can the Clifford algebra and the spin-charge-family theory
offer more if we extend the point fields in the ordinary space
to strings?



» In odd dimensional spaces fermion fields and boson fields
have completely different properties.



Kk

In In odd dimensional spaces, d = 2n + 1, only half of
“basis vectors” demonstrate properties which they
demonstrate in even dimensional spaces,

the properties which empower the Clifford odd “basis
vectors” to describe the internal space of fermions and
the Clifford even “basis vectors” to describe the internal
space of bosons:

This half belongs to d’ = 2n and does demonstrate these
properties.

The other half, obtained from the first half by the
application of $027+1

This second half of the Clifford odd “basis vectors”,
although anticommuting, demonstrate properties of the
Clifford even “basis vectors”,

and the second half of the Clifford even “basis vectors”,
although commuting, demonstrate properties of the
Clifford odd “basis vectors” in even dimensional spaces.



* Still anticommuting Clifford odd “basis vectors” (the
Clifford even operators S°2"*1 do not change either oddness or
evenness of the "basis vectors”)

. . 2n 2n
appear in two separate groups with 22 ~'x 22~ members,
each with their Hermitian conjugated partners within the
same group having no families;

Still commuting Clifford even “basis vectors” appear in 2% -1

families, each with 22 ! members, having their Hermitian
2n 2n
conjugated partners 22 ! x22 ! in a separate group.

For illustration let me treat the special case for d = (4 + 1).



X%

d=
R 03 12 03 12
b = (+i)[+], ByT = [+il(+)
=), B =,
~1 03 12 *1 03 12
by =(—D[H, B} =[+1(-),
~ 03 12 ”2 03 12
B =[~i(+), B =(+i[-],

LAl =i, Aé* =+

03 12 03 12
"3t =(=iy(=n, 'AST ==,

441

Clifford odd

R 03 12 R 03 12

BT = =ity BT = ()7,
R 03 12

S BT =+,

03 12 5

B =i 40, B =) 48,

2 03 ~

R i WO s P

R 03 12
Bl = (+i)(—)v

Clifford even

Al =i A8, =) A,
03 12 5 03 12
a2 a3 e, a2 =l e,

watt = (Sl narr =5, ”A”:(ffi)[izh? PV T W
12 12 03 12 03 12
a2t =), Mzt =, =[-il(-)2°, "AZT == A0 )

It can clearly be seen that the left-hand side of the Clifford odd
“basis vectors” and the right-hand side of the Clifford even “basis
vectors”, although the former are the Clifford odd objects and the latter
are Clifford even objects, have similar properties.



o This is the first step to compare the properties of the
Clifford odd and the Clifford even “basis vectors” with the
properties of the string theories in the case of d = (9 + 1), for
which strings theory experts declare that it is favourable.

o We shall demonstrate how do the Clifford odd and Clifford
even “basis vectors” reproduce left and right movers of the
string theory I1A and lIB. Let us repeat:

B;"T*AB?."T = 0, bMs«ab™ =0, Vm,m' f f.

o One can obtain the Clifford even “basis vectors”, ’ft}"T and

”fi}"f, as algebraic products of the Clifford odd “basis
vectors” and their Hermitian conjugated partners,

~

7= B (B
> ”/Al?ﬁ: (IS,T/T)T * A IS)TIT



> o One can check that all 251 x 25~1 of ’ATT are
generated by any of 251 £ by the relation
LA = BT a (BT,
when '’ and m” run (1,2,...,2%_1).

> o One can check that all 251 x 251 of ”ft'fnT are
generated by any of 251 by the relation
//A?ﬁ: (B?]/T)T A B?,’T
when " and ” run (1,2, ... 2’71).

» One finds thatB’T[T *A (bfl )T applying on B,T,I,HT obey

1 smf om’y Bn:IT
Ap xa by or zfero”

and that B;"‘f/NT applying on (b} AN b " obey
. - [mi
BTy AT _>{ be.',

O zero ,



o If the handedness of the Clifford odd “basis vectors” is
chosen to be the right handedness,

N
2, fordeven,
d

r(d) =Ha(x/W’Va)‘{ Egz for d odd

then their Hermitian conjugated parters have left handedness
(for either S?> = +1 and S'? = —1), resembling left and right
movers contributing to boson strings in string theories All and
BIl.

o The Clifford even “basis vectors” ' A7", with §2 =1 and
1, for d = (5+ 1) is presented below as, b ! x4 (b7 1),

(There are equivalently the same number of Clifford even
“basis vectors” ’fl?ﬁ, for S12 =0.)



s1? symbol IA?T = B?,T *A (bm T)T
1 *k ,AiT = B}T *A (Esz)T

03 12 56

[+] (+)(+) (+,)[+][+] *A( )( )( )
1 T TAST BT wp (BT

1256 03 12 56 03 12 56

( )(+)[ 1 [= =) *a (1) (H)(+)
1 06 TAIT = by wa (b1

03 12 56

(1) (H)[+] (+l) [+][+] *A [—,] (+)[+]
1 ® TAST = BT p (B7H)T

03 12 56 03 12 56 03 12 56

[=1E(=)  =AHE) *a =1 )]
—1 ® TAZ = BT wp (B3T)T

03 12 56

[=1(=)() [ l]( )[+] *A[ I][+]( )
1 T /AgT _ b4T (b )T

12 56 03 1256 0312 56

( )( M=l (D) (S)(=) *a [ ()
1 06 TATT = BT xa (BT

03 12 56

(=) ()[+] [—,]( )[+] *A (—,) [+][+]
-1 *x TATF = BT a (BIT)T

03 12 56 03 12 56 03 12 56

F1(=)N=) (D (=)(=) *a (1) [H[H]




o To keep in mind:

The Clifford even “basis vectors” ’fl?ﬁ are products of one
projector and two nilpotents, the Clifford odd “basis vectors”
and their Hermitian conjugated partners are products of one
nilpotent and two projectors or of three nilpotents.

The Clifford even and Clifford odd objects are eigenvectors of
all the corresponding Cartan subalgebra members. There are
25-1 x 25~ algebraic products of b ' x, (K1),

The rest 8 of 16 members present ’/Al?ﬁ with S1? = 0.

o The members B;"/T together with their Hermitian
conjugated partners of each of the four families,

f =(1,2,3,4), offers the same ’A}"T with S'? = +1 as the
ones presented in this table.



o The Clifford even “basis vectors” ”fl'f"T, belonging to transverse
momentum in internal space, S'2 equal to 1, the first half /A7,
and —1, the second half /A7, for d = (5 + 1), are presented as
algebraic products of the first, m' = 1, member of the “basis

! B,'ﬂ/:” and the Hermitian conjugated partners (B;?::IT)T.
The Hermitian conjugated partners of two / A7" are marked with
the same symbol.

vectors

The Clifford even “basis vectors”  A7" are products of one
projector and two nilpotents, the Clifford odd “basis vectors” and
the Hermitian conjugated partners are products of one nilpotent
and two projectors or of three nilpotents.

There are again 25! x 25~ algebraic products of b7 ' x, (b7.1)1,
f*and f“ run over all four families. The rest 8 of 16 members
presents A" with §2 = 0.

The members B?/T together with (B}’.’:T m' = (1,2,3,4), offers the
same "' A7 with $' = +1 as the ones presented in this table.

(And equivalently for S =0.)



st? symbol ”A?’T (B}T)T * BIT
1 *k ”AF (E}f) * A b”
03 12 56 03 12 56 03 12 56
[ (+)(+) (=) ] #a (1) (H)(+)
1 ) A3 = (B3F)T % B}
03 12 56 03 12 56
(+1) ()] [+1] [+]( ) *A (+/)(+)(+)
1 1 TAIT = (BT xa by
03 12 56 03 12
(=9 (H)H] (= )H]H] *A [+']( )[+]
1 ® A = (B3T)T %a BLT
03 12 56 03 12 56
[+ (H)(=) [+ [H(=) *a [+']( )H]
-1 ® TAZT = (BIT)T xp BIT
03 12 56 03
1 (=)(+) [+’]( )H] *A [+’] [+]( )
-1 | ®® AT = (BIT)T % p BLT
03 12 56 03 12 56
(N (D)) *a [+'] [H( )
1 T IIA?‘ — ([);T)T A b”
03 12 56 03 03 12 56
(1) (=)[+] [+']( )H] #a (1) [+][+]
-1 *% ”A;” = (b T) ® 4 IAJ%]L
03 1256 03 12 56 03 12 56

—il1(=)(—

(=N (=) *a (1) [+




Let us repeat what we have learned about the Clifford even and the
Clifford odd “basis vectors” in even dimensional spaces.

There are in even dimensional spaces 221 Clifford odd families,
. o d . .
each family having 22! members. The Clifford odd “basis vectors”
have their Hermitian conjugated partners in a separate group of
d_q age . d_1q
227" families with 227" members.

There are in even dimensional spaces two times 251y 285-1
Clifford even basis vectors, with their Hermitian conjugated
partners within the same group.

In a tensor product with the basis in ordinary space the Clifford odd
“basis vectors”, together with their Hermitian conjugated partners,
and the Clifford even “basis vectors”, form creations and
annihilation operators, which fulfil on the vacuum state the
postulates of the second quantized fermion and boson fields.

o Both are represented by the points in the ordinary space.



o Looking at the properties of both kinds of the Clifford even
“basis vectors”, ’fl}’ﬁ and " A" manifesting momentum in only
transverse dimensions (with S?° not equal S°%), we found in both
Tables, that to both groups of the Clifford even “basis vectors” all
the family members m and all the families f contribute:

oa. To ’fl?’f, all the family members m for a particular family f and
their Hermitian conjugated partners contribute in E?/T *A (B,TNT)T,
using only half of possibilities (1 x 2¢~1 x 2¢71), the other half
possibilities contribute to S'?> = 0. Each family f’ of B;’?/T * A (B;’?NT)T
generates the same eight Clifford even ’fl,TT as are the ones
presented in the first of the above Tables for ' = 1.

ob. To " AT, all the families f' of a particular member m’ and their
Hermitian conjugated partners contribute in (B,T’T)T * A B,T:T, using

only half of possibilities, the other half contribute to S? = 0.

Each family member m’ generates in (IA),’Z"/T)T *A B,T:T the same eight
Clifford even ”ATT as are the ones presented in the second one of
above Tables above for m' = 1.



o We find in d = (9 + 1) which is the boson string All and Bll
case, according to what it is discussed so far on the case of

d = (5+1), in the case that we are interested only on those
internal degrees of freedom of the Clifford even “basis vectors” of
each of the two kinds,

A" and " A7, which manifest momentum in only transverse
dimensions (with S?” not equal S%),

1% 2% 1 x2%° 1 =8x 16 =128 of 'A"", and 128 of " A]",
together 256 of both kinds of the Clifford even “basis vectors”,
representing the boson fields.

These are also possibilities suggested in reference of Kevin Wray
(“An Introduction to String Theory”, Preprint typeset in JHEP
style - paper version), for closed strings in d = (9 + 1); for the
left-right movers or right-left movers forming the closed boson
strings of All and BII kinds, manifesting the momentum in only
transverse dimensions they found 256 possibilities.

Our way of presenting the Clifford even “basis vectors” of two
kinds /A7" and " A7, which manifest momentum in only transverse
dimensions agrees with the properties of the closed strings in
d=(9+1).



o The strings theories seems to offer the way for explaining the
so far observed fermion and boson second quantized fields,
with gravity included, by offering the renormalizability of the
theory by extending the point fermions and bosons into
strings and by offering the supersymmetry among fermions
and bosons.

o We expect that in the low energy regime the string theories
coincide with our predictions presented in this workshop
provided that we extend points in the ordinary space to
strings, hoping that this would help to solve the problem of
renormalisability of the spin-charge-family theory.



o Still a hard work is needed to make the next step towards
relating the string theories and the spin-charge-family theory.

o However, the description of the internal spaces of fermion
and boson fields with the Clifford odd and Clifford even “basis
vectors”, respectively, is simple and well defined, it might
bring a new understanding of the theory of our world.

o The first to be discovered is why the string theories find as
the only acceptable dimensions d = (9 + 1) and d = (25 + 1).

o Our way of presenting internal spaces of fermions and
bosons seems to treat all d = 2(2n+ 1) in an equivalent way.



o The spin-charge-family theory sees d = (13 + 1) as an elegant
possibility which allows the explanation of all the
assumptions of the standard model before the electroweak
break, with the higgs and Yukawa couplings included,

o offering the explanation of the second quantization of
fermion and boson fields, explaining also the appearance of
the dark matter, matter-antimetter asymmetry, and other
observations included, with the choice of the simple and
elegant action.

o The extension of the point fields in ordinary space to
strings brings the hope for assuring renormalizability of the
spin-charge-family theory.
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