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d𝒮 =
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• Thermal equilibrium  Maximum entropy. 

• Entropy never decreases.

⟹
For flat FLRW metric and  and if  

(unit coming volume)   

T ≫ (μchm. pot. − m) V ∝ a3

d𝒮 = 0

Volume

More disorder  more entropy⟹
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For  

A) flat FLRW metric and  and  

B) if ,  is the scale factor and  

C) if energy density is conserved then 
D) if in thermal equilibrium 

T ≫ (μchm. pot. − m)
V ∝ (a(t))3 a(t)

d𝒮 = 0
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•Entropy density      with (page12-13 

of arXiv:0907.0668) 

•Conservation of entropy  is the scale factor. 

•Number of particles in a comoving volume  

s ≡
𝒮
V

= [(ρ + P)]
T

T ≫ (μchm. pot. − m)

(𝒮) ⟹ s ∝ (a(t))−3; a(t)

Ni ≡
ni

s

https://arxiv.org/abs/0907.0668


• (In equilibrium)       
(with ) 

• For relativistic species,    

•  ;      

•

f(p) = (exp[p/T] ± 1)−1

m/T → 0

𝒫r =
1
3

ρr

ρr + 𝒫r =
2π2

45
g⋆ [T(t)]4

s ≡ 𝒮/V =
2π2

45
g⋆,S [T(t)]3
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Ref: 10.3390/galaxies4040078

g⋆,S = ∑
i=bosons

gi ( Ti

T )
3

+
7
8 ∑

i=fermios

gi ( Ti

T )
3

 as long as thermal equilibrium and .g⋆ ≈ g⋆,S t ∼ 1s
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https://arxiv.org/ct?url=https%3A%2F%2Fdx.doi.org%2F10.3390%2Fgalaxies4040078&v=6a4bd639


Credit: Professor Daniel Baumann 6

Wikimedia

FLRW cosmology & Comoving volume
• The “size” of Comoving volume in Comoving coordinate system is constant. 

• Physical length scale at time ,  , comoving length scale.t R(t) = a(t) × l0

Physical 
coordinate 

system

https://www.dropbox.com/s/opsddmccjxfmq41/Chapter1.pdf?dl=0
https://commons.wikimedia.org/wiki/File:Expansion_of_the_Universe_-_distance_measures_problem.gif


James Schombert

Universe is homogeneous and isotropic on large 
scales.
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v = H(t) D

Prof. Richard Gelderman

http://abyss.uoregon.edu/~js/cosmo/lectures/lec05.html
http://astro.wku.edu/astr106/Hubble_intro.html


Prof. Kandaswamy Subramanian (Semikoz’s website)

Γ = nσv ≫ H
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Thermal equilibrium in early universe

Γ ∼ α2 T5

H ∼ T2/mPl
Γ/H ⟹ (α2 T3 mPl) ≃ 1

https://apc.u-paris.fr/~semikoz/EGMF/Subramanian.pdf


DOI: 10.1126/science.337.6100.1289

Temperature decreasing

Higgs field 
Potential

Piled Higher and Deeper 9

Electroweak Phase Transition  

https://science.sciencemag.org/content/337/6100/1289


Prof. Mark Neubauer
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https://msneubauer.github.io/projects/4_project/


Ref: 10.3390/galaxies4040078

The particle decouples, when thermal mass   T ≲ mf(T )

m2
f (T) = g2

f Φ2
min(T)

Itwillchange
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It will 
change

https://arxiv.org/ct?url=https%3A%2F%2Fdx.doi.org%2F10.3390%2Fgalaxies4040078&v=6a4bd639


(Muon g−2 Collaboration) Phys. Rev. Lett. 126, 141801

Light Pseudoscalars, Particle Physics 
and Cosmology

Jihn E. Kim

DOI: 10.1016/0370-1573(87)90017-2
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The gyromagnetic ratio of muon, ,     

                  

                  

Muon anomalous magnetic moment : 

  

 

gμ

gμ =
magnetic moment (eℏ)/(2mμ)

angular momentum (ℏ/2)
≈ 2

aμ =
gμ − 2

2

aμ = {116,591,810(43) × 10−11  (SM calculated value)

16,592,061(41) × 10−11  (FERMILAB - 2021) 

Fermion masses and mixings, dark matter, leptogenesis and 
$g-2$ muon anomaly in an extended 2HDM with inverse seesaw 
Cárcamo Hernández et al. 
e-Print: 2104.02730 [hep-ph]

Revisiting lepton-specific 2HDM in light of muon $g−2$ anomaly

Want et al.

DOI: 10.1016/j.physletb.2018.11.045 
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ℒ = gμν∂μΦa ∂νΦa − Vtot(Φ1, Φ2, T) + ∑
j

i [gμν∂μχ†
j ∂ν χj − Uj(χj)]+ℒint

ℒint = Φa ∑
j

gj χ†
j χj .

ρ = ·Φ2
a+Vtot(Φ1, Φ2, T )+∑

j
[ ·χ†

j
·χj + ∂l χ†

j ∂l χj /a2 + Uj(χj)]−ℒint

𝒫 = ·Φ2
a−Vtot(Φ1, Φ2, T )+∑

j
[ ·χ†

j
·χj − (1/3)∂l χ†

j ∂l χj /a2 − Uj(χj)]+ℒint
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ρ + 𝒫 = 2 ·Φ2
a + ∑

j
[ ·χ†

j
·χj +

2
3a2

∂l χ†
j ∂l χj] ≈ +

4
3

π2g*

30
T4

 ℒ = ℒgauge,kin + ℒf + ℒHiggs + ℒYuk − Vtot(Φ1, Φ2, T)

A0H0 H±

Original Lagrangian: 

Simplified Lagrangian:  

“The oscillations of  around  are quickly damped, so we take  =  

and neglect , because the evolution of is induced by the universe expansion 
which is quite slow. “ 

Φa Φa,min
·Φa

·Φa,min
·Φ2

a Φa,min

+∑
j

[2 ·χ†
j

·χj +
2

3a2
∂l χ†

j ∂l χj] +
4
3

π2g*

30
T4

Lagrangian of EWPT theory in real type-I 2HDM  



Vtot(Φ1, Φ2, T ) = Vtree(Φ1, Φ2) + VCW(Φ1, Φ2) + VT(T ) + Vdaisy(T )

DOI:10.3390/sym12050733 14

Vtot (Φ1 = 0,Φ2 = 0,Tc) = Vtot (Φ1 = v1, Φ2 = v2, Tc)

https://doi.org/10.3390/sym12050733


 

   

                          

                                                                                                      

Vtree(Φ1, Φ2) = m2
11Φ

†
1Φ1 + m2

22Φ
†
2Φ2 − [m2

12Φ
†
1Φ2 + (m*12)

2
Φ†

2Φ1]
+

1
2

λ1 (Φ†
1Φ1)

2
+

1
2

λ2 (Φ†
2Φ2)

2

+λ3 (Φ†
1Φ1) (Φ†

2Φ2) + λ4 (Φ†
1Φ2) (Φ†

2Φ1)
+[ 1

2
λ5 (Φ†

1Φ2)
2

+
1
2

λ*5 (Φ†
2Φ1)

2]
Vtot(Φ1, Φ2, T)  

 

       

λ1 =
(cos α)2m2

H0
+ m2

h(sin α)2 − μ2tan β

(cos β)2vsm2

λ2 =
(cos α)2mh2 + mH0

2(sin α)2 − μ2

tan β

(sin β)2vsm2

λ3 =

sin 2α(mH0
2 − mh2)

sin 2β + 2mH±
2 − 2μ2

sin 2β

vsm2

λ4 =
mA2 − 2mH±

2 + 2μ2

sin 2β

vsm2
λ5 =

2μ2

sin 2β − mA2

vsm2

Piled Higher and Deeper 

 v1 =
vsm2

(tan β)2 + 1

v2 =
(tan β)2vsm2

(tan β)2 + 1
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Vtree(Φ1, Φ2) = m2
11Φ

†
1Φ1 + m2

22Φ
†
2Φ2 − [m2

12Φ
†
1Φ2 + m*12Φ

†
2Φ1]

+
1
2

λ1 (Φ†
1Φ1)

2
+

1
2

λ2 (Φ†
2Φ2)

2

+λ3 (Φ†
1Φ1) (Φ†

2Φ2) + λ4 (Φ†
1Φ2) (Φ†

2Φ1)
+[ 1

2
λ5 (Φ†

1Φ2)
2

+
1
2

λ*5 (Φ†
2Φ1)

2]

VCW (v1 + v2) = ∑
j

nj

64π2
(−1)2sjm4

j (v1, v2) [log (
m2

j (v1, v2)
μ2 ) − cj]

VT =
T4

2π2 ∑
j=bosons

njJB [
m2

j (v1, v2)
T2 ] + ∑

j=fermions

njJF [
m2

j (v1, v2)
T2 ]

Vdaisy(T ) = −
T

12π

nHiggs

∑
j=1

((m̄2
j )3/2 − (m2

j )3/2) +
ngauge

∑
j=1

((m̄2
j )3/2 − (m2

j )3/2)

Vtot(Φ1, Φ2, T)

Piled Higher and Deeper 
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BSMPT (Beyond the Standard Model Phase Transitions): 
A tool for the electroweak phase transition in extended 
Higgs sectors 
Philipp Basler, Margarete Mühlleitner 
DOI: 10.1016/j.cpc.2018.11.006 

BSMPT v2 A Tool for the Electroweak Phase Transition 
and the Baryon Asymmetry of the Universe in Extended 
Higgs Sectors 
P. Basler, M. Muhlleitner, J. Müller 
e-Print: 2007.01725 [hep-ph]
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•More entropy production in 2HDM than the Standard Model (SM). 

•Amount of entropy production alters for different choice of parameter space 
or different models of 2HDM. 

• Most entropy production for top-quark. At low temperature, entropy 
production is approximately same as that of the SM. 

•Influx entropy dilutes the preexisting number density of frozen out spices, 
e.g. dark matter. Also dilutes preexisting baryon asymmetry. 

Conclusion

19





Simplified Lagrangian:  

                        

Original Lagrangian:  
 

 

;   (  , ) 

 

 
             ; ( ) 
               

ℒ = gμν∂μΦa ∂νΦa − Vtot(Φ1, Φ2, T) + ∑
j

i [gμν∂μχ†
j ∂ν χj − Uj(χj)] + ℒint

ℒ = ℒgauge,kin + ℒf + ℒHiggs + ℒYuk
ℒf = iΨ̄L(∂μ + igWμ + ig′ YLBμ)ΨL + +iΨ̄R(∂μ + igWμ + ig′ YRBμ)ΨR

ℒgauge,kin = −
1
4

Gi
μνGiμν −

1
4

FB
μνFBμν Gi

μν = ∂μWi
ν − ∂νWi

μ − gϵijkWj
μWk

ν FB
μν = ∂μBν − ∂νBμ

ℒYuk = − yeēRΦ†
1LL − y*e L̄LΦ1eR − yeēRΦ†

2LL − y*e L̄LΦ2eR − ⋯

ℒHiggs = (DμΦa)†(DμΦa) − Vtot(Φ1, Φ2, T)
= (∂μΦa

†)(∂μΦa) − i(𝒲μΦa)†(∂μΦa) + i(∂μΦa
†)𝒲μΦa + (𝒲μΦa)†𝒲μΦa 𝒲μ = gTiWi

μ + g′ YBμ
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ci =
5
6 , (i = W±, Z, γ)
3
2 , otherwise

m2
W =

g2

4
v2; m2

Z =
g2 + g′ 2

4
v2; m2

γ = 0.⋯(1)

4
4
4

4
4

2
3
1
1
1

1
1
1
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Wittbrodt (DESY and Karlsruhe U., ITP), A. Wlotzka (KIT, Karlsruhe, TP)

e-Print: 1612.04086 [hep-ph]

DOI: 10.1007/JHEP02(2017)121
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m̄2
H± =

1
2 (ℳC

11 + ℳC
22) +

1
2

4 ((ℳC
12)2 + (ℳC

13)2) + (ℳC
11 − ℳC

22)2⋯(2)

m̄2
G± =

1
2 (ℳC

11 + ℳC
22+) −

1
2

4 ((ℳC
12)2 + (ℳC

13)2) + (ℳC
11 − ℳC

22)2⋯(3)

ℳC
11 = m2

11 + λ1
v2

1

2
+ λ3

v2
2

2 ℳC
22 = m2

22 + λ2
v2

2

2
+ λ3

v2
1

2
ℳC

12 =
v1v2

2 (λ4 + λ5) − m2
12 ℳC

13 = 0
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Masses of h, H, and A are the eigen values of the matrix

 ℳN⋯⋯(4)

ℳN
11 = m2

11 +
3λ1

2
v2

1 +
λ3 + λ4

2
v2

2 +
1
2

λ5v2
2

ℳN
22 = m2

11 +
λ1

2
v2

1 +
λ3 + λ4

2
v2

2 −
1
2

λ5v2
2

ℳN
33 = m2

22 +
3λ2

2
v2

2 +
1
2 (λ3 + λ4 + λ5) v2

1

ℳN
44 = m2

22 +
λ2

2
v2

2 +
1
2 (λ3 + λ4 − λ5) v2

1

ℳN
12 = 0

ℳN
13 = − m2

12 + (λ3 + λ4 + λ5) v1v2

ℳN
14 = 0

ℳN
23 = 0

ℳN
24 = − m2

12 + λ5v1v2

ℳN
34 = 0
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https://www.mdpi.com/2073-8994/12/5/733/htm

First order  
phase transition

Second order  
phase transition

1. discontinuity in the evolution of the VEV 
2. critical temperature  temperature at 

which  has the degenerate minima 
separated by the potential barrier.

(Tc) ⟹
Veff

1.Continuous in the evolution of the VEV 
2.first derivative of VEV with respect to the 

temperature has the singular behavior at  
3.critical temperature  temperature at 

which the curvature at the origin becomes zero.

Tc
(Tc) ⟹

A smooth cross over : A crossover is thus not associated with a change of symmetry, or a discontinuity in the free energy 
functional.  (source).  i.e. no discontinuity in the order parameter.(source)

Free energy in thermodynamics  Effective potential in field theory (see Sec:1, below eq.[1] of hep-ph/0010275)≡
25
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“The equation of motion for the classical field  is often taken as: 

 

where  is the decay width of the -boson. Such equation is obtained by thermal averaging of the interaction 

term and, strictly speaking,   is valid only for quadratic potential .”

ϕ

··ϕ + (3H + Γ) ·ϕ + U′ ϕ(ϕ) = 0,

Γ ϕ

Uϕ ∼ ϕ2
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Source: Wikipedia

https://en.wikipedia.org/wiki/Two-Higgs-doublet_model

