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Spiral Galaxy
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Flat Rotation Curve

𝒗𝟐

𝒓
=
𝑮𝑴

𝒓𝟐
→ 𝒗 ∝

𝟏

𝒓



NGC1132 Credit: NASA

Tight Relation in 
the “Missing Mass” 

Problem?



 SPARC: 175 spiral galaxies

 Dynamical mass
 HI/Hα rotation curves

 Baryonic mass 
 Gas mass (HI gas)
 Stellar mass (NIR 3.6 μm) 

Spitzer Space Telescope



Independent measurements 
for two-axis:

 Vertical axis (gobs)

𝐠𝐨𝐛𝐬 =
𝐕𝟐

𝐫

 Horizontal axis (gbar)

𝐠𝐛𝐚𝐫 =
𝐆𝐌𝐛𝐚𝐫(< 𝐫)

𝐫𝟐

𝐌𝐛𝐚𝐫 = 𝐌𝐬𝐭𝐚𝐫 +𝐌𝐠𝐚𝐬



The tight relation gives

𝐠𝒐𝒃𝒔 =
𝐠𝒃𝒂𝒓

𝟏 − 𝒆− Τ𝐠𝒃𝒂𝒓 𝐠†

𝐠† = 𝟏. 𝟐𝟎 ± 𝟎. 𝟐𝟔 × 𝟏𝟎−𝟏𝟎 𝒎𝒔−𝟐
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RAR in
Elliptical Galaxies
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Four Issues from 
RAR



Four Issues: 
(Desmond 2017; Lelli et al. 2017)

i. The physical origin of the acceleration 
scale g†=1.20×10-10 ms-2;

ii. The physical origin of the low-
acceleration slope (0.5);

iii. The intrinsic tightness of the relation 
(<0.11 dex);

iv. The lack of correlations between 
residuals and other galaxy properties. 





i. the acceleration scale g†=1.20×10-10 ms-2;
turning point of two broken power laws

ii. the low-acceleration slope (0.5);

𝐠𝐨𝐛𝐬 = (𝐠𝐛𝐚𝐫 g†)
𝟏/𝟐

𝐠𝐨𝐛𝐬=
𝐕𝟐

𝒓
; 𝐠𝐛𝐚𝐫=

𝑮𝑴𝒃𝒂𝒓

𝒓𝟐

→
𝐕𝟒

𝒓𝟐
=
𝑮𝑴𝒃𝒂𝒓𝑔†

𝒓𝟐
→ 𝐕𝟒= 𝑮𝑴𝒃𝒂𝒓g†

Baryonic Tully-Fisher Relation





Dynamics & Kinematics

Solar System Newton’s Law Kepler’s Law

Spirals RAR Tully-Fisher 

Ellipticals RAR Faber-Jackson



Three possible explanations:
(McGaugh et al. 2016; Lelli et al. 2017)

1. Galaxy formation processes in 
the CDM model; 
(hydro-dynamical simulation: Wu & Kroupa 2015; 
Ludlow et al. 2017; semi-empirical model: Di Cintio & 
Lelli 2016; Navarro et al. 2017; Desmond 2017)

2. New “dark sector” physics;     
(dipolar DM: Blanchet & Le Tiec 2008, 2009;                                    

dark-fluid: Zhao &Li 2010; Khoury 2015)

3. New dynamical laws.
(Milgrom 1983)



The residual missing mass 
in MOND in clusters:
MM : The baryonic mass estimated by MOND; 
Mbar : The baryonic mass by observation. 

MOND is not enough for accounting the missing 
mass in galaxy cluster by a factor of two:

𝑴𝑴

𝑴𝒃𝒂𝒓
≈ 𝟐

Pointecouteau & Silk 2005; Sanders 1999, 2003.



RAR in
Galaxy Clusters



BCG

X-ray gas

member galaxies

IDCS J1426

Credit: Wikipedia



Ingredient in Galaxy Clusters

 Observational Mass (Mo(<r))
 Strong & Weak-Lensing (Umetsu+ 2016)

 Baryonic Mass (Mb(<r))
 X-ray gas (Donahue+ 2014) 
 Stellar mass (Chiu+ 2018)
 BCG (Cooke+ 2016) 
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The Cluster Lensing And Supernova survey 
with Hubble (CLASH)

524-orbit Hubble Space Telescope (HST) Multi-Cycle 
Treasury program 

25 high-mass galaxy clusters with M500 ≥ 4 × 1014 Msun

25 high-temperature galaxy clusters with TX ≥ 6 keV



CLASH Galaxy Clusters



Ingredient in Galaxy Clusters

 Observational Mass (Mo(<r))
 Strong & Weak-Lensing (Umetsu+ 2016)

 Baryonic Mass (Mb(<r))
 X-ray gas (Donahue+ 2014) 
 Stellar mass (Chiu+ 2018)
 BCG (Cooke+ 2016) 



Gravitational Lensing





Ingredient in Galaxy Clusters

 Observational Mass (Mo(<r))
 Strong & Weak-Lensing (Umetsu+ 2016)

 Baryonic Mass (Mb(<r))
 X-ray gas (Donahue+ 2014) 
 Stellar mass (Chiu+ 2018)
 BCG (Cooke+ 2016) 



Chandra X-ray images









Ingredient in Galaxy Clusters

 Observational Mass (Mo(<r))
 Strong & Weak-Lensing (Umetsu+ 2016)

 Baryonic Mass (Mb(<r))
 X-ray gas (Donahue+ 2014) 
 Stellar mass (Chiu+ 2018)
 BCG (Cooke+ 2016) 



𝒇𝒄𝒐𝒍𝒅 ≡
𝑴𝒔𝒕𝒆𝒍𝒍𝒂𝒓

𝑴𝒃𝒂𝒓𝒚𝒐𝒏





𝒇𝒄𝒐𝒍𝒅 =
𝑴𝒔𝒕𝒂𝒓

𝑴𝒃𝒂𝒓



Ingredient in Galaxy Clusters

 Observational Mass (Mo(<r))
 Strong & Weak-Lensing (Umetsu+ 2016)

 Baryonic Mass (Mb(<r))
 X-ray gas (Donahue+ 2014) 
 Stellar mass (Chiu+ 2018)
 BCG (Cooke+ 2016) 



Brightest Cluster Galaxy (BCG)

• Brightest cluster galaxy:            
the brightest galaxy in a cluster of 
galaxies .

• generally elliptical galaxies.

• the geometric and kinematical 
center of their host galaxy 
cluster; 

• at the bottom of the cluster 
potential well;

• coincident with the peak of the 
cluster X-ray emission.

Abell 2262

BCG







CLASH RAR & RAR

Once baryonic acceleration gbar is given, one can get mass of dark matter 
MDM from RAR or CLASH RAR depending on systems and vice versa. 



Residuals in CLASH RAR



Four Issues in CLASH RAR

Four Issues in RAR
i. the acceleration scale 𝒈†=1.20×10-10 ms-2;
ii. the low-acceleration slope (0.5);
iii. the intrinsic scatters (≤ 0.11 dex);
iv. no correlations between residuals and other galaxy 

properties. 

Four Issues in CLASH RAR
i. a new acceleration scale 𝒈‡=2.02×10-9 ms-2; 
ii. the acceleration slope (≃0.5);
iii. the intrinsic scatters (Log σint=0.147);
iv. a small correlation between residuals and radius.



Prediction in CLASH RAR

𝐠𝐭𝐨𝐭 = 𝐠𝐛𝐚𝐫 g‡

𝐠𝐭𝐨𝐭∝
σ𝟐

𝒓
; 𝐠𝐛𝐚𝐫=

𝑮𝑴𝒃𝒂𝒓

𝒓𝟐

→
σ𝟒

𝒓𝟐
∝
𝑮𝑴𝒃𝒂𝒓g‡

𝒓𝟐

→ σ𝟒 ∝𝑮𝑴𝒃𝒂𝒓g‡

Baryonic Faber-Jackson Relation



Dynamics & Kinematics

Solar System Newton’s Law Kepler’s Law

Spirals RAR Tully-Fisher 

Ellipticals RAR Faber-Jackson

Clusters CLASH RAR Faber-Jackson?



Semi-Analytical Model (SAM)
• In hydrostatic equilibrium, the gas pressure gradient related 

to total cluster mass as 
𝑑 𝑃𝑔𝑎𝑠(𝑟)

𝑑𝑟
= −𝜌𝑔𝑎𝑠 𝑟

𝐺𝑀𝑡𝑜𝑡(𝑟)

𝑟2
.

• Gas pressure is defined by electron pressure as 

𝑃𝑔𝑎𝑠 𝑟 =
𝜇𝑒
𝜇
𝑃𝑒 𝑟 .

• Assuming the electron pressure follows the GNFW profile,

𝑃𝑒 𝑟 =
𝑃𝑒𝑖

(
𝑟
𝑟𝑝
)𝑐(1 + (

𝑟
𝑟𝑝
)𝑎)(𝑏−𝑐)/𝑎

.

• Because 𝜌𝑔𝑎𝑠(𝑟) ≪ 𝜌𝑡𝑜𝑡(𝑟)for all 𝑟, we can assume

𝜌𝑡𝑜𝑡(𝑟) = 𝜌𝐷𝑀(𝑟) + 𝜌𝑔𝑎𝑠(𝑟) ≈ 𝜌𝐷𝑀(𝑟)



Parameters in SAM

We assume a flat ΛCDM cosmology with Ω𝑚 = 0.27, ΩΛ =
0.73, and a Hubble constant of 𝐻0 = 70𝑘𝑚𝑠−1𝑀𝑝𝑐−1. 

We adopt 𝑀200 = 1.55 × 1015𝑀𝑠𝑢𝑛 and 𝑐200 = 3.28 to 
describe the DM distribution 𝜌𝐷𝑀(𝑟) of our sample with a 
median redshift of z = 0.377 (Umetsu et al. 2016).

We assume a gas mass fraction of 𝑓𝑔𝑎𝑠(𝑟500) = 13% (e.g., 
Planck Collaboration et al. 2013; Donahue et al. 2014) at 
𝑟 = 𝑟500 to fix the normalization of 𝜌𝑔𝑎𝑠(𝑟) .



Semi-Analytical Model



Semi-Analytical Model



Semi-Analytical Model



Implications for MOND

The residual missing mass in 
MOND in cluster scale:
MM : The baryonic mass estimated by MOND; Mbar : 
The baryonic mass by observation. 

𝒈𝒃𝒂𝒓𝒈‡ ≈
𝒈𝑴

𝟏 − 𝒆
− Τ𝒈𝑴 𝒈ꝉ

The residual missing mass in MOND 
𝑴𝑴

𝑴𝒃𝒂𝒓
=

𝒈𝑴

𝒈𝒃𝒂𝒓

For g𝑏𝑎𝑟 = 2.1 × 10−10𝑚𝑠−2,
𝑴𝑴

𝑴𝒃𝒂𝒓
= 𝟐. 𝟕.

For g𝑏𝑎𝑟 = 1.3 × 10−11𝑚𝑠−2,
𝑴𝑴

𝑴𝒃𝒂𝒓
= 𝟕. 𝟑.

The residual missing mass by the CLASH 
RAR increases with decreasing baryonic 
acceleration.



Remarks


𝐠†=1.20×10-10



𝐠‡=2.02×10-9 ms-2



ar𝐠‡∝ σ4







Q&A



Spherical Symmetry of CLASH sample

Three-dimensional full-triaxial analyses of CLASH lensing 
observations found no statistical evidence for orientation 
bias in the CLASH sample (see Chiu et al. 2018, ApJ, 860, 
126; Sereno et al. 2018, ApJL, 860, L4)

Triaxiality and orientations of clusters will introduce 
statistical fluctuations of the projected cluster lensing 
signal. It has been taken into account in the error analysis 
of Umetsu et al. (2016). 

Terrors in our total mass estimates M(<r) from lensing 
include the effect of triaxiality and random orientations



The Cluster Lensing And Supernova survey 
with Hubble (CLASH)

Measure DM profiles in galaxy clusters.

 Detect Type Ia supernovae (SNe Ia) out to redshift z ∼ 2.5.

 Detect the most distant galaxies yet discovered at z > 7.

 Study the internal structure and evolution of the galaxies 
in galaxy clusters.



Linear Interpolation of 
Lensing Mass Profile



Linear Interpolation of 
Gas Mass Profile



Effective Radius of BCGs by GALFIT









𝒈 𝒓 =
𝑮𝑴(𝒓)

𝒓𝟐
=
𝑽𝟐

𝒓

B. Famaey & S.S McGaugh, Living Rev., 15, 10 (2012)
S.S McGaugh, APJ, 609, 652 (2004)




