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Neutron Stars in a Nutshell

J. Lattimer
• Highly relativistic objects

• Typical masses 1<M<2 M0 

• Typical radius 10<R<14 km … 
probably smaller …

• Huge compactness 

• Average density                             
one spoonful  ≈  a billion tons !
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M/R ≈ 0.15(M/M0) (R/10 km)-1

� 4 x 1014 g cm-3

2

Mo≈2x1033 g

∼a few times the nuclear density at saturation  
ρ0∼ 2x1014 g cm-3



Schematic view of a neutron star

Outer crust.  56Fe ions immersed in an electron gas. 

Inner crust.  Electrons are beta-captured by nuclei, —-> 
more and more neutron-rich —-> neutron drip. A gas of 
free neutron along with electrons and nuclei. At 
increasing density, nuclear matter sets in. 

Outer core. Asymmetric nuclear matter above saturation 
density. Mainly composed by neutrons, protons, electrons 
and muons. Its exact composition depends on the nuclear 
matter Equation of State (EoS). 

Inner core. The most unknown region. “Exotic matter” . 
Hyperons ?  Kaons ?  Quarks  ?        
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Schematic view of a neutron star

Outer crust.  56Fe ions immersed in an electron gas. 

Inner crust.  Electrons are beta-captured by nuclei, —-> 
more and more neutron-rich —-> neutron drip. A gas of 
free neutron along with electrons and nuclei. At 
increasing density, nuclear matter sets in. 

Outer core. Asymmetric nuclear matter above saturation 
density. Mainly composed by neutrons, protons, electrons 
and muons. Its exact composition depends on the nuclear 
matter Equation of State (EoS). 

Inner core. The most unknown region. “Exotic matter” . 
Hyperons ?  Kaons ?  Quarks  ?        

☞ EoS in the crust is known reasonably well.
☞ EoS in the outer core is not very certain.
☞ EoS in the inner core is a mystery.
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Neutron Star Structure Equations

Imposing boundary conditions :

P=P(ρ) is the only input needed !
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Need an Equation of State
P = P(ρ) 
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The construction of the EoS :
two possible philosophies
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A large set of possible EoS 
(nucleons, hyperons, quark 

matter …)

Nucleons

Nucleons 
+ Hyperons

Quark Matter{
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☞ A large variety of mass-radius 
relations

A large set of possible EoS 
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matter …)
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☞ A large variety of mass-radius 
relations

A large set of possible EoS 
(nucleons, hyperons, quark 

matter …)

Nucleons

Nucleons 
+ Hyperons

Quark Matter{

More in F. B. and A. Fantina, 
White Book of the NewCompstar Action,

arXiv:1804.030207



• Transverse flow 
measurements  in Au + Au 
collisions at  E/A=0.5 to 10 
GeV 

• Pressure determined from 
simulations based on the  
Boltzmann-Uehling 
Uhlenbeck  transport theory

• Flow data exclude very 
repulsive and very soft 
equations of state

• GW data complementary to 
heavy ion data Heavy ion data from P. Danielewicz,  Science (2002) 

GW data from Abbott et al., PRL (2018)   📚

SUPRA-SATURATION  DENSITY :
CONSTRAINTS  FROM  HEAVY ION  REACTIONS and GWs
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The EoS : where do we stand ?
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Close to saturation density ρ0=2x1014g/cm3

� Structure properties of about 3339 nuclides.
� Compressibility from Giant Monopole 

Resonance.

J.P. Blaizot, (1980),
G. Colo’et al., (2004),
J. Piekarewicz, (2004),

!

� Symmetry energy S0 and its slope L. 
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The dawn of multi-messenger astronomy

About 60 groups/collaborations 
participated to the investigations of

GW170817, GRB170817A, 
AT2017fgo

On August 17, 2017, the LIGO-VIRGO detector network
observed a gravitational-wave signal from the inspiral of 

two low-mass compact objects consistent with a binary neutron star (BNS) merger.
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Role of the EoS during NS-NS merger

• Inspiral decay of the orbital 
separation with progressive reduction 
of the orbit. GW emission. Strong 
tidal forces depending on the 
compactness M/R,  i.e. EoS.

• Merger Duration and fate depend 
on EoS and total mass. Stiffer EoS —
-> larger supported mass —-> 
collapse to BH delayed or avoided.

• Post-merger Remnant size and 
frequency of the dominant oscillation 
mode dependent on the EoS. 

� NS mergers as valuable probe for testing the EoS !!!!

! L. Baiotti and L. Rezzolla, Rep. Prog. Phys. (2017), arXiv:1607.03540
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Inspiral phase of GW170817 :
Tidal deformability λ and Love numbers
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The Newtonian Theory of Tides :

The Love numbers were introduced by August E. H. Love in 1911 : they are a set of 
dimensionless parameters which measure the rigidity of a planetary body and show how its 

shape changes in response to an external tidal potential.

These numbers can be generalized for stars in General Relativity. 
In particular, we are interested in one of these numbers, which connects the 

tidal field with the quadrupolar deformation of the star.
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The Love number k2

Solve in GR together with the TOV eqs. for the pressure p and the enclosed mass m 

The Love number k2

depends crucially on the compactness β=M/R, hence on the EoS.

ε being the mass-energy density



⇤1.4 < 800 at 90% confidence level
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Abbott et al., PRL 119, 161101 (2017)

Annala et al., PRL 120, 172703 (2018)

📚

📚

Constraints from GW170817 and the kilonova signal AT2017gfo:
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Radice et al., ApJ 852, L29 (2018)📚

Most et al., arXiv:1803.00549
Lim et al., arXiv:1803.02803

Fattoyev, PREX experiment (neutron skin), 
PRL 108, 112502 (2012)

R1.4 ≳ 12 km• Very stiff EoS are excluded (large radii) 
•  Limit for the radius R1.4 < 13.6 km

{ }
The tidal deformability Λ=λ/Μ5



Summary (I)
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• Observational data about masses : larger than 2 solar mass
• Constraints from low energy nuclear collisions close to saturation density : soft EoS
• Constraints from heavy ion reactions close and slightly above saturation density : not too stiff 

EoS
• Controversial observational data about radii (strong dependence on the model for atmosphere) 
• Constraints from GW170817 : tidal deformability

All data taken together are not yet constraining enough the Equation of State
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• Constraints from heavy ion reactions close and slightly above saturation density : not too stiff 

EoS
• Controversial observational data about radii (strong dependence on the model for atmosphere) 
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All data taken together are not yet constraining enough the Equation of State

The smoking gun : M and R for the same NS

Likely measurement of the moment of inertia I∝ MR2, 
(Lattimer & Schutz, 2005; Ozel arXiv:1603.06594)

PSR J0737−3039A

How to relate M, R, I, Λ … ?



• Universal relations have been shown to exist which establish a link among various 
quantities, in particular the NS spin-induced quadrupole moment, moment of 
inertia, and tidal deformability.

• Universal means that these relations are independent on the Equation of State of 
matter in the neutron star interior.

• Since the I-Love-Q relations are EoS independent, measuring one member of the 
trio gives information on the other two, even if not accessible by observations.
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I-Love-Q Universal relations for Neutron Stars

I<Love<Q$rela0ons$
In$2013$Yagi$and$Yunes$discovered$new$rela0ons$between$the$NS$moment$of$
iner0a$I,$the$$Love$numbers$and$the$spin<induced$$quadrupole$moment$Q$
that$are$essen0ally$EoS$independent$for$slowly<$rota0ng$NSs$$
$
$These$three$quan00es$give$interes0ng$physical$informa0on:$
$
"  the$moment$of$iner0a$quan0fies$how$fast$a$NS$can$spin$assumining$a$$
$$$$$$$$$$$$$fixed$angular$momentum$
$
"  the$spin<induced$quadrupole$moment$describes$the$NS$shape$$$$$$$$$$$$$$$$
$$$$$$$$$$$$$deviates$from$sphericity$due$to$rota0on$
$
"  the$Love$number$quan0fies$how$much$deformable$the$NS$is.$

NOTE$AGAIN$THAT:$all$of$these$quan00es$depend$on$the$EoS,$$
$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$the$rela0ons$between$them$do$not!$

K.*Yagi,*N.*Yunes,*Science*241,*2013;***PRD*88,*2013*
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FIG. 6. (Color Online) Dimensionless moment of inertia Ī , defined in Eq. (26), as functions of M∗ (left) and C (right) for
various EoSs. The horizontal dashed lines at Ī = 21.1 correspond to M∗ = 1M⊙ for the APR EoS; NSs below this line have
higher M∗ and C. The solid cross indicates the value of Ī for a BH. Observe that the Ī curves for realistic EoSs approach each
other as C increases, and moreover they approach the BH limit ĪBH = 4 as C → 0.5.

For later convenience, we define the dimensionless mo-
ment of inertia Ī

Ī ≡
I

M3
∗

. (26)

Figure 6 shows Ī as a function of the NS mass M∗

and compactness C. We have verified that the moment
of inertia I obtained here agrees exactly with previous
results in the literature [75]. Observe that the different
Ī curves for realistic EoSs approach each other as C in-
creases. Moreover, observe that all these curves approach
the value of Ī for a BH as C → 0.5, shown with a solid
cross in Fig. 6. Of course, none of the NS sequences con-
sidered here will ever lead to a BH solution for any finite
choice of central density.

V. SLOWLY ROTATING, ISOLATED NEUTRON
STARS: O(χ2)

Let us now look at slowly-rotating NS solutions at
quadratic order in spin. Following Sec. IV, we first dis-

cuss the differential equations that describe the solution
and then we solve them in the exterior region. We then
discuss the asymptotic behaviors of the solutions at the
NS center, obtain the interior solutions numerically, and
match it to the exterior solution at the NS surface.

A. Einstein Equations and Exterior Solutions

At quadratic order in spin, the θ-component of the
equation of motion ∇µTmat

µθ = 0, valid only inside the
star, yields

ξ2 = −
R2e−λ(3h2 + e−νR2ω2

1)

3(M + 4πpR3)
. (27)

The (θ, θ)− (φ,φ), (θ,φ) and (R,R) components of the Einstein Equations give respectively,

m2 = −Re−λh2 +
1

6
R4e−(ν+λ)

[

Re−λdω1

dR
+ 16πRω2

1(ρ+ p)

]

, (28)

dK2

dR
= −

dh2

dR
+

R− 3M − 4πpR3

R2
eλh2 +

R−M + 4πpR3

R3
e2λm2 , (29)

dh2

dR
= −

R−M + 4πpR3

R
eλ

dK2

dR
+

3− 4π(ρ+ p)R2

R
eλh2 +

2

R
eλK2 +

1 + 8πpR2

R2
e2λm2 +

R3

12
e−ν

(

dω1

dR

)2

−
4π(ρ+ p)R4ω2

1

3R
e−ν+λ . (30)
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FIG. 7. (Color Online) Dimensionless quadrupole moment Q̄, defined in Eq. (40), as functions of M∗ (left) and C (right) for
various EoSs. The horizontal dashed lines at Q̄ = 9.89 correspond to a NS with M∗ = 1M⊙; curves below this line have higher
M∗ and C. Observe that the Q̄ curves for realistic EoSs approach each other as C increases, and moreover, they approach the
BH limit Q̄BH = 1 as C → 0.5.

Love numbers are defined in a buffer zone, the region
R ≫ R ≫ R∗, where R is the radius of curvature of
the source of the perturbation. For example, the (t, t)
component of the metric can be expanded in the buffer
zone as [8, 81–85]

1− gtt
2

= −
M∗

R
−

4π

5

Q(rot)

R3

∑

m

Y2m(Ω̂)Y ∗
2m(n̂) +O

(

R4
∗

R4

)

+
4π

15
E(rot)R2

∑

m

Y2m(Ω̂)Y ∗
2m(n̂) +O

(

R3

R3

)

= −
M∗

R
−

Q(rot)

R3
P2(Ω̂ · n̂) +O

(

R4
∗

R4

)

+
1

3
E(rot)R2P2(Ω̂ · n̂) +O

(

R3

R3

)

. (41)

The quantity E(rot) is related to the trace of the
rotationally-induced, electric, quadrupole tidal tensor,
i.e. the quadrupolar contribution of the centrifugal po-
tential. In the Newtonian limit, this quantity reduces to
E(rot) = Ω2

∗ [81]. As usual, Y2m(Ω̂) are the ℓ = 2 spheri-
cal harmonics in the Ω̂ direction, where n̂ is the principal
axis of the perturbation, which in this case corresponds
to the unit vector of the spin angular momentum Ŝ.
The ℓ = 2 rotational Love number λ(rot) is defined

by [81, 86]

λ(rot) ≡ −
Q(rot)

E(rot)
= −

Q(rot)

Ω2
∗

, (42)

where the second equality uses the Newtonian expression
for E(rot). As defined here, λ(rot) has unit of (mass)5 or
(length)5 (recall that we use geometric units throughout
this paper, where c = 1 = G), and thus, there are 2
natural ways of normalizing it [81, 86];

k(rot)2 ≡
3

2

λ(rot)

R5
∗

, (43)

λ̄(rot) ≡
λ(rot)

M5
∗

=
2

3
k(rot)2 C−5 . (44)

By using Eqs. (24), (26) and (40), one can rewrite λ̄(rot)

as

λ̄(rot) = Ī2Q̄ . (45)

In this paper, we refer to k(rot)2 as the ℓ = 2 rotational
apsidal constant, while we refer to λ̄(rot) as the ℓ = 2
dimensionless rotational Love number.

VI. TIDALLY-DEFORMED NS SOLUTIONS

Up until now we have concentrated on isolated NSs
in the slow-rotation approximation. We will now switch
gears and consider NSs in a binary system. We focus on
one of the binary components, the primary, and study
how it is tidally deformed by its companion, assuming
the primary is not spinning. One can construct tidally-
deformed NS solutions in a manner similar to the con-
struction of slowly-rotating solutions. In both cases, the
deformation (either due to rotation or tidal effects) is
treated as a small deformation away from sphericity.

A. Einstein Equations and Exterior Solutions

The leading-order effect of tidal perturbations enters
at O(ϵ2). This is because this effect is generated by an
electric tidal perturbation, which must be of even par-
ity. Moreover, in this section we are interested in non-
rotating tidally deformed NSs, so we can set ω1 = 0 in
Eqs. (28)–(30). By eliminating m2 and K2 from these 3

the$I<M$and$I<C$
rela0ons$depend$$
on$the$EoS$
$
Same$for$Q<M,$Q<C$
and$
λ<M$,$λ<C$
$
C=$stellar$compactness$
$$=$M/R$

K.*Yagi,*N.*Yunes*PRD*88,*2013*
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K.*Yagi,*N.*Yunes*PRD*88,*2013*

Ī = I/M3
⇤ Q̄ = Q(rot)/[M3

⇤ (S/M
2
⇤ )

2]

M⇤ (APR) [M�]

ln yi = ai + bi lnxi + ci(lnxi)
2 + di(lnxi)

3 + ei(lnxi)
4

yi xi ai bi ci di ei

Ī �̄

(tid) 1.47 0.0817 0.0149 2.87⇥10�4 -3.64 ⇥10�5

Ī Q̄ 1.35 0.697 -0.143 9.94 ⇥10�2 -1.24 ⇥10�2

Q̄ �̄

(tid) 0.194 0.0936 0.0474 -4.21 ⇥10�3 1.23 ⇥10�4

M⇤ (APR) [M�]

�̄(tid) = �/M5
⇤



Neutron star global observables :
Love number k2 & moment of inertia I=J/Ω
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I

MR2
=

1

2�

wR

3 + wR
, wR =

r

!

d!

dr

���
r=R

k2 =
3

2

�

R5
=

3

2
�5⇤

=
8

5

�5z

6�(2� yR) + 6�2(5yR � 8) + 4�3(13� 11yR) + 4�4(3yR � 2) + 8�5(1 + yR) + 3z log(1� 2�)
,

z ⌘ (1� 2�2)[2� yR + 2�(yR � 1)]

to solve in GR with the TOV eqs. for the pressure p and the enclosed mass m

dp

dr
= �m✏

r2
(1 + p/✏)

�
1 + 4⇡r3p/m

�

1�m/r
,

dm

dr
= 4⇡r2✏ ,

dw

dr
=

4⇡r(✏+ p)(4 + w)

1� 2m/r
� w(3 + w)

r
,

dy

dr
= �y2

r
� y � 6

r � 2m
� rQ ,

Q ⌘ 4⇡
(5� y)✏+ (9 + y)p+ (✏+ p)/c2s

1� 2m/r
�
h2(m+ 4⇡r3p)

r(r � 2m)

i2

with c2s = d✏/dp and the EOS ✏(p) as input.
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Mass-Radius relations
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• Microscopic non-relativistic EoS : BHF 
with Bonn B, V18, N93, UIX

• Variational : APR

•  Microscopic relativistic EoS : DBHF

• Microscopic EoS with hyperons : 
BOB(N+Y), V18(N+Y)

• Phenomenological EoS : LS220, SFHO

• Hybrid EoS : BHF with Bonn B and 
Dyson-Schwinger EoS for QM. DS1 
and DS2.

• All give maximum masses above 2M
except the ones with hyperons.



The moment of inertia 
more in arXiv:1809.04315
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For fixed M and I : Blue band : Lattimer fit ( 📚ApJ550, 426 (2001)) 

Not valid for large masses >2. Not valid for hyperonic stars.
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M [Mo] β=M/R Breu&Rezzolla, 
MNRAS 459 (2016)

Breu & Rezzolla FIT

Deviations from the universal fits about a few percent



Constraining the EoS
Correlations between M, R and Λ
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• Fixed chirp mass  

• The conditions M1=M2 =1.365 
M0 and 400<Λ<800 imply  

12<R<13 km

• Compatible EoS : V18(N+Y), 
UIX, V18,N93, BOB(N), DBHF, 

LS220, DS1, DS2. 

• Not compatible : APR, BOB(N
+Y), and SFHO (marginally).

400<Λ<800

GW170817 : mass of each NS for
 a symmetric binary system

GW170817 : limit derived 
in Annala et al

Selection of the EoS !

Mc =
(M1M2)3/5

(M1 +M2)1/5
= 1.188M�

q =
M2

M1
= 0.7� 1
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Universal Relations : Λ vs. 
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📚  Yagi & Yunes (2017)

Solid lines : 1<M<2
Dashed lines : 
Yagi&Yunes fit

Grey line : 
Yagi&Yunes fit

The fit does not work for the hyperonic EoS ! 
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Universal Relations : I vs. Λ

ln(I/M3) = 1.496 + 0.05951 lnΛ + 0.02238 (lnΛ)2

                            -  6.953 x 10-4(lnΛ)3 + 8.345 x 10-6(lnΛ)4

📚  Yagi & Yunes (2017)

Chakrabarti et al., 
PRL (2014)

Small frequency limit

Fractional errors smaller than 1%, except for hyperons ! Fractional errors smaller than 5%

Dots : generalized fits by Chakrabarti et al.



• A large set of microscopic and phenomenological EoS  are compatible with the several 
constraints on the EoS from nuclear structure, heavy-ion collisions, and maximum observed 
mass but still not enough constraining ….

GW170817 event has added further constraints             the tidal deformability.

• GW170817  is compatible with the merging of two nucleonic neutron stars with a microscopic 
EoS with maximum mass >2M

• Universal relations I-Love-Q are fulfilled by hadronic and hybrid stars. Strong deviations 
exhibited by hyperonic EoS.

• More refined constraints from future GW merger events. 

• High-precision telescopes, NICER, ATHENA+, SKA are expected to improve our knowledge of 
the NS mass-radius relation. 
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Conclusions
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To linear order in the external tidal field Cij the “tidal-induced"”quadrupole 

moment Qij can be written   Qij= λ Cij 

λ, the tidal deformability, is related to the l=2 tidal Love number

The tidal forces :
constraints from GW170817 on the tidal deformability λ
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In the inspiral phase, the space-time metric inside one star is modified by the 
influence of the second star, differently from region to region. This breaks 

the spherical symmetry and determines a deformation of the NS. 

Onset of an induced quadrupole moment Qin :

It depends on the EoS !�


